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Abstract

We propose how to bid in first-price auctions when a bidder knows her
value but not how others will bid. To do this, we introduce a methodology for
how to make choices in strategic settings without assuming common knowl-
edge or equilibrium behavior. Accordingly, first eliminate environments that
are believed not to occur and then find a robust rule that performs well in
the remaining environments. We test our bids using data from laboratory
experiments and the field. We find that our bids outperform those made by
real bidders.
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1 Introduction

In this paper we specify how to bid in real-life, first-price, sealed-bid auctions.
To understand current bidding practices, we conducted a survey among 44 expert
academics and practitioners involved in auctions. This survey reveals that the
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classic game-theoretic analysis hardly gives any guidance. One obstacle is that
the literature typically assumes that the setting is common knowledge and that
everyone is bidding in equilibrium. Another problem is that the theory typically
quantifies uncertainty using probabilities, an approach that is hardly applicable in
real-life settings.

Uncertainty is at the center stage in auctions and can be found in many different
features. It is not clear what others bid, how they value the good, and what
information and budgets they have. In fact, it may not even be clear how many
other bidders there are.

The way we deal with uncertainty is based on the understanding that it may
be easy to establish what will not happen even when one is uncertain about what
will happen. Based on this principle, we rule out as much as we can and then find
a bid that does best (in a well-defined sense) without needing to commit to what
will occur. Note that we need a pragmatic approach to implement this principle as
it is not feasible or sensible to confront the bidder with each possible environment
and ask whether it is conceivable to the bidder. So, we introduce a methodology
for how to describe certain features of the environments to then ask whether the
bidder can rule out environments with these features. Thereby, all environments
that have the same features are dealt with simultaneously.

The way in which we describe the features of the environment depends on the
mindset or perspective of the bidder and on the information this bidder has. Closest
to the classic approach one might first consider the values of others. Yet some survey
respondents noted that it is easier to think about the bids of others. In fact, it is
simplest to only focus on the winning bid. This motivates three different approaches
that we now describe in reverse order. Later, we will explain how to choose among
the three and how to choose a bid within each approach.

The first approach is referred to as “outcome-based.” It focuses on the possible
maximal bids of the others without incorporating how these maximal bids result
from individual bidding. The aim is to rule out features of the maximal bid of
the others, for instance, by specifying a lower bound under which the maximal
bid is unlikely to fall. The second approach, under the heading “choice-based,” is
quantified in terms of the bids of the others without asking why these bids are
made. This approach allows us to quantify bounds on the degree of independence
between bidders as well as on the variation of the bids. Historical bidding data can
be incorporated when modeling the variation. Information on individual bidding is
then aggregated to get insights on the maximal bid. The third, so-called “intention-
based” approach, connects the values of others to their bids, which then yields
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restrictions on which individual bids are expected. Only this approach allows us to
reason about the values of others, such as conjecturing independent private values
or affiliated values. A bid may be ruled out, for instance, because a bidder is not
expected to bid above her value or because bidders will not bid too far below their
own value. Information on intentions is used to deduce information on bidding
which is then aggregated to understand the properties of the maximal opponent
bid.

Each of these approaches utilizes a different way to describe an environment.
Common among these approaches is the objective to rule out the environments that
are believed not to occur. The bidder then chooses a single bid based on the set of
environments that could not be ruled out. This set is called the ambiguity set. Each
of the environments that could not be ruled out is treated equally. Specifically, we
search for a bid that achieves a payoff that never falls too far below the payoff that
could be achieved if more were known. This results in a performance guarantee. The
guarantee improves when the set of conceivable environments shrinks. Formally, we
implement the minimax loss criterion (Savage, 1951).

Within each approach, the design of the features used to rule out environments
emerges from the following iterative process. One first makes minimal assumptions.
Then, one considers the worst-case environments that are binding when computing
the performance guarantee. If these worst-case environments are not conceivable,
then one specifies features that rule them out. The process stops when none of the
worst-case environments can be ruled out. Sometimes we add an additional step
and investigate how the final bid performs when one specifies additional features.
We do this when it is not clear how to quantify these features. For instance, it
might be clear that there is a lower bound but it may be hard to assess where this
lower bound is.

We illustrate our general methodology by implementing each of the three ap-
proaches when the bidder has little information. This leads to three bids, which we
later assess empirically. In the outcome-based approach we find a bid that depends
on very few assumptions. In the choice-based approach we create a model that as-
sumes some independence and variation in opponent bidding. In the intention-based
approach we assume independent values and put bounds on the value distribution
and bidding functions. Each of the resulting bids comes with a few free parameters
that are either determined by the known properties of the auction (such as the
reserve price and the number of bidders) or set equal to salient values.

We make some comments on these implementations. The outcome-based ap-
proach makes no assumptions on how the maximal bid is generated. Hence, it
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allows for heterogeneous bidding of any form, independent or correlated. It is sim-
ple, as everything is formulated in terms of the maximal bid, and hence it is easy
to justify in front of others. However, it does not delve into the connection between
individual bids and maximal bids. The choice-based approach involves making as-
sessments about the individual bids of others. Empirical data on previous auctions
can be incorporated. However, there is no connection between the bids of others and
their valuations. The intention-based approach connects bids to values. Putting
bounds on bidding functions allows us to incorporate intentions without making
specific assumptions on the objectives of others. This approach can be useful for
those who like the qualitative features of the classical equilibrium model.

Next, we investigate how these three bids perform in real first-price auctions.
There are several reasons for doing this. First, we wish to compare our methodology
to the state of the art in the literature where bidders are assumed to bid according to
a Bayes-Nash equilibrium (BNE). Second, we are interested in how our bids perform
outside the worst-case scenario. In particular, we wish to see how properties of the
environment influence the performance. Last but not least, we want to demonstrate
that our bids are not a theoretical construct but that they can actually be used off
the shelf to bid in real auctions. In particular, we are interested in how our bids
compare to those placed by real bidders. This is the ultimate test as, after all, our
bids rely on minimal information, while real bidders are often more experienced and
tend to have more information.

To assess the empirical performance of our bids, we use data from a laboratory
experiment and from the field. The data from the lab experiment is taken from
Güth and Ivanova-Stenzel (2003). An advantage of laboratory experiments is that
we know the bidders’ values. Disadvantages are that earnings are limited and
that bidders are students who might not have experience in bidding in first-price
auctions. For the field data, we analyze data on timber auctions. The advantage of
this data set is that it is well studied, earnings can be substantial, and bidders are
experienced. The disadvantage is that values are not observable. This is overcome
by estimating bidders’ values from English auctions for similar lots.

We evaluate bids by their empirical loss. The empirical loss measures how close
a bid’s payoff comes to the best possible payoff given the empirical distribution of
opponent bids. A small loss means that the bid is essentially a best response given
the actual bidding behavior. To achieve better comparability across bidders and
data sets, we compute a normalized loss that is given by reporting the loss of a
bidder as a percentage of the largest payoff attainable by this bidder.

Bringing our bids to the data, we find that the bids of our choice-based im-
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plementation perform well both on an absolute level and in comparison with our
benchmarks. The average loss across the two treatments is 3.1% in the labora-
tory experiment and 1% in the field. Bids resulting from the outcome-based and
intention-based implementations perform slightly worse overall. We want to high-
light this performance in light of the benchmarks. When a BNE can be computed,
the corresponding bids yield an average loss of 4.2% in the laboratory experiment
and 1.2% in the field. The bids placed by the actual bidders yield an average loss
of 10.5% in the lab and 6.6% in the field. So we outperform actual bidders and
perform similarly to the BNE wherever this can be calculated.

Consider now the related literature. The theoretical auction literature assumes
that all bidders reason identically or within the same framework. This is true for the
Bayes-Nash equilibrium approach (Vickrey, 1961), rationalizability (e.g., Battigalli
and Siniscalchi, 2003; Dekel andWolinsky, 2003), iterative regret (Halpern and Pass,
2012), level-k reasoning (Crawford and Iriberri, 2007), and papers using ambiguity
(Lo, 1998; Chen et al., 2007; Gretschko and Mass, 2019; Mass, 2018). Similarly,
the empirical literature has made this assumption (e.g., Haile and Tamer, 2003;
Hortaçsu et al., 2019; Pezanis-Christou and Wu, 2019). Only Rothkopf (2007)
differs. He proposes to analyze auctions with decision-theoretic methods, albeit
without providing explicit solutions. Note that while we take a decision-theoretic
approach, we also incorporate some understanding of the behavior of others. Even
outside the theoretical auction literature, there are only a few approaches to playing
games that do not assume everyone reasons identically and do not treat the game as
a decision problem. Renou and Schlag (2011) assume that others reason identically
with some probability. Schlag (2018) proposes a solution concept on the basis
of outperforming others where players do not reason about others. However, the
objective therein for evaluating an action is far from that used in classic economic
models, unlike the proposal brought forward in this paper.

The way in which we select a bid relates to the literature in different ways. It is in
the spirit of Huber (1965, 1981) who qualifies a choice as robust if it is almost optimal
whenever the model is slightly misspecified. It can be interpreted as looking for a
particular ε-optimal action (Radner, 1980). It has axiomatic foundations within
the framework of minimax regret (Milnor, 1954; Hayashi, 2008) when environments
are identified with states. Note that we do not use the term regret as most of this
literature has formulated regret as an ex-post concern (e.g., Loomes and Sugden,
1982; Linhard and Radner, 1989; Sošić, 2007; Perakis and Roels, 2008; Bergemann
and Schlag, 2011; Guo and Shmaya, 2019); an exception is Schlag and Zapechelnyuk
(2016a,b).
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A related approach is followed by Bergemann and Schlag (2011) who consider a
monopolist who believes that the demand function lies in the Prokhorov neigh-
borhood of a particular demand function. One could proceed similarly in our
choice-based approach and consider bid distributions that lie in a neighborhood
of a particular distribution. However, in the absence of data it is not clear how
to choose this particular distribution. Our bids do not require information about
bidding in other auctions. When there is abundant data, there are many alterna-
tive approaches as outlined in the learning literature, e.g., fictitious play (Hon-Snir
et al., 1998) or no-regret learning (Blum and Mansour, 2007; Han et al., 2020).

Our paper is part of the growing literature related to robustness that aims to
make fewer assumptions about the environment. However, we differ from those who
maintain the assumption of strategically sophisticated players and only relax the
designer’s sophistication (e.g., Bergemann and Morris, 2005; Carroll, 2015; Carroll
and Segal, 2016, and many more). Note that we take the first-price auction as
given. Bidding therein is difficult as there is no dominant strategy. An alternative
research agenda is to adopt a mechanism design approach among the game forms
where players do not have to be sophisticated as there is a dominant strategy (Azar
and Micali, 2012; Azar et al., 2012; Giannakopoulos et al., 2020).

The bids we find take a simple form as they involve linear bid shading. Behavior
of this form has been documented in laboratory experiments (Bajari and Hortaçsu,
2005; Filiz-Özbay and Özbay, 2007). The difference is that the slope of the linear
bidding function dictated by our theory outperforms those found in the experiments.
Linear bid shading has also been exogenously imposed as a model of simple bidding
(Compte and Postlewaite, 2013). In contrast, we find this simple behavior to be
optimal in a well-defined sense.

Section 2 contains the results of our survey. In Section 3 we introduce the
basic setup. In Section 4 we propose how to bid for a given ambiguity set, which
we refer to as robust bidding. In Section 5 we present the general principles for
constructing an ambiguity set. Section 6 provides a specific implementation for
each of the three perspectives which results in three different bids. In Section 7 we
bring these bids to the data and conclude in Section 8. Appendix A contains the
details for the second approach (variation in bidding) when there are bounds on the
distributions. Appendix B contains omitted proofs. Appendix C supplements the
empirical analysis.
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2 Survey

In an anonymous survey conducted in fall 2021, we asked 35 leading academic
economists who work on auctions and nine professional consultants about their
approach to bidding in first-price auctions. We received 27 responses. Nineteen of
the 27 respondents had previously been asked to consult or bid in such an auction.
Most of them had participated in some auctions, with the median being roughly
four (conditional on participating in at least one auction). A few respondents had
participated in many auctions, the maximum being around 100.

In our first question, which was verbal, we asked whether the theoretical and
empirical auction literature offers guidance when bidding. In terms of the empirical
literature, one respondent suggested finding the bid by estimating the equilibrium
bidding behavior using historical data. Five other respondents suggested using
historical bids (and covariates) to estimate the other bidders’ bid distribution. One
of them noted that they had never had access to data when bidding. None of these
respondents suggested how to proceed when no satisfactory data is available. A large
majority of the respondents (about 70%) mentioned the qualitative guidance of the
theoretical literature. These respondents found the literature helpful in guiding
strategic thinking as it raised issues such as the necessity to bid below value (bid
shading), the possibility of the winner’s curse, and the effects of risk attitudes,
budget constraints, the number of bidders, asymmetries, and behavioral biases.
Other respondents (around 20%) viewed the theoretical literature as “fairly useless”
as it did not “adequately reflect situations found in practice.” They pointed out that
the theoretical models rely on common knowledge assumptions that do not hold in
practice. They mentioned that clients found it difficult to assign probabilities to
opponents’ values and bids and to then trust these subjective assessments.

In the next questions, we asked the bidders to quantify the main difficulties
when bidding in first-price auctions. The vast majority of respondents regarded
assessing other bidders’ beliefs, understanding how others bid, assessing opponents’
values and their distribution, and identifying the correlation between bidders’ values
as a serious or substantial problem; these were the two highest categories on the
scale we provided. These findings reveal why only one of the respondents suggested
modeling equilibrium behavior in their answer to the initial verbal question. The
vast majority of the respondents indicated that it can be a problem for a bidder
to find their own value while formulating an objective is less of an issue. Our
interpretation of these findings is that most respondents face serious and substantial
problems when wishing to apply the existing equilibrium-based framework.
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In the verbal part we also received various comments on other practical issues.
A very experienced participant said that clients find it easier to reason about bids
rather than values. Another experienced respondent said that their clients could not
specify the distribution of opponent bids but tried to estimate the number of bidders
and their expected bids. Two others said that the clients’ values and objectives
were often determined by within-firm negotiations and change over time. There
was also concern that top managers might face ex-post complaints through a public
discussion of the auction outcome. One participant pointed out that auctioneers
often lack commitment to the auction outcome and try to negotiate after observing
the bids. Finally, some participants described clients to be reluctant to strategic
thinking.

We take the following lessons away from the survey. A handful of the respondents
gave an explicit recommendation for how to find bids given empirical data. None
mention what to do without data. None of the answers of the remaining respondents
identifies a method for making an explicit recommendation. Broadly speaking, their
answers reveal a hierarchy of challenges. The objectives of the bidder seem to be
clear, understanding their specific value is already more difficult. A quantification
of the remaining ingredients (beliefs, bids, and values of others) seems unrealistic.
In particular, all but one of the respondents neither explicitly nor implicitly refer to
bidders playing an equilibrium. We note that these respondents utilize very different
forms of reasoning, some focus more on values, others on bids, and others on general
features. In summary, there seems to be demand for a quantitative approach that
can be applied to real-world, first-price auctions.

3 The Basics

We consider a first-price, sealed-bid auction for a single good. There are n bidders,
where n ≥ 2. Bidders simultaneously make non-negative bids. The bidder with
the highest bid wins the good and pays her bid. Ties are broken randomly. In our
analysis, we allow for a reserve price.

We ask how bidder 1 should bid. Bidder 1 knows her maximal willingness-to-pay
or (private) value v1 for the good, where v1 ∈ R+. We formally look for a bidding
function that leads to a bid recommendation b1 for each value v1. Our analysis also
applies if v1 is an unbiased estimate of bidder 1’s value, as long as the distribution
of this estimate is independent of the bids of the other bidders.

Bidder 1 is risk-neutral. Alternative preferences can be incorporated (see the
online appendix for risk aversion). The payoff of bidder 1 when bidder j bids bj,
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j = 1, . . . , n, is denoted by u1(b1, b−1) and equal to

u1 (b1, b−1) =

 1
m

(v1 − b1) if b1 = maxj {bj} and |{k : bk = b1}| = m,

0 if b1 < maxj {bj} .

The bids of the other bidders are influenced by many factors, including their
values, information, preferences, budgets, the characteristics of the good, and the
auction specifics. To capture this variation, we model bidder 1 as facing some bid
distribution B. We also refer to the bid distribution faced by the bidder as the
environment. Formally, the bid distribution B belongs to ∆(Rn−1

+ ), where ∆X

denotes the set of all cumulative distribution function (cdf) on X. Note that we do
not assume that others bid independently. The payoff of a bid b1 when facing a bid
distribution B is measured by the expected utility. Specifically, we extend u1 to be
the expected utility of bidding b1 when facing the bid distribution B, so

u1 (b1, B) =

∫
u1 (b1, b−1) dB (b−1) .

If bidder 1 knew the environment, she would choose the bid that maximizes her
expected utility. However, we are considering a bidder who is uncertain about
which environment she is facing. She is unable to assess the exact distribution of
the opponent bids. Our survey highlights this as an important element in real-
life auctions. In contrast, note that the conceptual framework of subjective utility
maximization implicitly assumes that the decision-maker is able to pin down the
precise probabilities involved.

4 Dealing with Uncertainty: Robust Bidding

We now present how to bid when uncertain about the environment. We model un-
certainty as the set of environments the bidder considers conceivable. Environments
not in the set have been ruled out. We call the set of conceivable environments the
ambiguity set. In the following we show how to bid given such an ambiguity set. In
the next section we show how to construct this set.

When evaluating a bid we do not pay particular attention to any specific en-
vironment. While there are typically many conceivable environments, the bidder
can only place a single bid. This bid is unlikely to maximize the expected utility
in each conceivable environment. Thus, it will often lead to a loss in payoff rel-
ative to the best possible payoff. We record for a given bid for each conceivable
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environment this loss in payoff of not choosing the best bid for that environment.
Desiring close-to-optimal payoffs without paying particular attention to a specific
environment motivates us to select the bid that attains the smallest maximal loss
among the conceivable environments. The value of the smallest maximal loss is
called the minimax loss. The selected bid comes with the performance guarantee
that loss is bounded above by the minimax loss. The performance guarantee de-
pends on the ambiguity set. Smaller sets (in terms of set-wise inclusion) represent
less uncertainty and yield weakly superior performance guarantees. This approach
to decision-making under uncertainty is founded on axioms (Milnor, 1954; Hayashi,
2008; Stoye, 2011). It is important to keep in mind that the selected bid will lead
to a loss that is smaller than its performance guarantee, and will often be much
smaller.

We introduce the model formally. Let B ⊆ ∆(Rn−1
+ ) be the set of bid distribu-

tions that bidder 1 thinks she may face. Bid distributions in B are the conceivable
environments and B is the ambiguity set. Importantly, the bidder is not willing or
able to assess the likelihood of each conceivable bid distribution. This stands in
contrast to the Bayesian approach in which the bidder would have a probabilistic
prior belief over B.

We suggest how to bid given B. Intuitively, a bid performs well when facing a
given bid distribution if it attains a payoff that is close to the highest possible payoff
for this distribution. We measure this “closeness” with the following loss function
l. For a given bid distribution B and an own bid b1, let l be the distance between
the best possible payoff given this bid distribution and the own payoff, that is,

l (b1, B|v1) = sup
b̄1

u1

(
b̄1, B

)
− u1 (b1, B) .

The value of the maximal loss among all conceivable distributions, given by supB∈B l(b1, B),
is a performance guarantee of the bid b1. It measures the highest possible loss in
utility due to a lack of information about the true distribution.

We select a bid that attains the best performance guarantee for B. This bid
minimizes the maximal loss and is therefore called the minimax loss bid. The
minimum is calculated among all bids. The maximum is computed among all
environments in the ambiguity set. In our analysis, the minimax loss bid is typically
unique. Formally, b∗1 is a minimax loss bid if

b∗1 ∈ arg min
b1∈R+

sup
B∈B

l (b1, B|v1) .
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We denote the value of the minimax loss as l∗1, where

l∗1 = min
b1∈R+

sup
B∈B

l (b1, B|v1) .

We call the conceivable bid distributions that maximize loss worst-case bid distribu-
tions. Maximal loss is sometimes obtained by the limit of a sequence of converging
distributions (where we consider convergence in probability). We then refer to the
limit point as a worst-case distribution.

We emphasize that loss is computed conditional on a bid distribution. Thus,
we differ from the classic minimax regret literature (Savage, 1951; Hayashi, 2008;
Bergemann and Schlag, 2011), where minimax regret is computed in expectation
based on the realized (ex-post) outcomes, i.e., bids. We choose to condition on the
bid distribution to better connect to the expected utility framework. Specifically,
if there is only a single conceivable bid distribution, then the minimax loss is equal
to 0. In contrast, minimax regret will typically not be zero in such cases. Note
that we do not allow for randomized bidding. Yet it is known from the theoretical
literature on minimax regret that superior performance can be attained by allow-
ing for randomization in choices. However, we want to propose a simple bid but
randomization is arguably not simple. Moreover, we want to recommend a bid to
someone who needs to justify it in front of others. In addition, randomization is
valuable only if one is able to commit to the outcome, which is difficult to do.

Finally, we believe that the minimax loss bid is easy to explain. Indeed, our
survey revealed the importance of being able to justify bids in front of others.
Minimax loss can loosely be explained as follows. Bidding according to the minimax
loss methodology means computing a flexible bid that is good in many environments.
The cost of flexibility is measured by the maximal loss. The alternative would be
to guess the environment and best respond to it. Guesses come with the risk of not
being correct, and the minimax loss bid does not come with this risk.

We qualify the minimax loss bids as being robust. This is in the spirit of Huber
(1965, 1981) who calls a policy robust if it is almost optimal whenever the model
is (slightly) misspecified.

5 Conceptualizing Uncertainty: General Principles

In the previous section, we showed how to select a bid for a given understanding of
uncertainty as formally captured by the ambiguity set. In this section, we show how
to construct this ambiguity set, thereby presenting a method for conceptualizing
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uncertainty. The ambiguity set is constructed in two steps. In the first step we
choose the mindset or perspective of the bidder that will be used when describing
the uncertainty. In the second step we follow an iterative procedure to conceptualize
uncertainty from the perspective selected in the first step. We illustrate the process
by presenting specific implementations in Section 6. We bring these to the data in
Section 7.

The first step consists of choosing one of three perspectives under which the
bidder reasons about the environment she is facing. We introduce the three per-
spectives in order of increasing detail about what leads to the maximal opponent
bid. The first perspective involves only reasoning about the highest bid of the other
bidders. This is the object one cares most about in first-price auctions. The choices
and underlying motives of others are ignored. We call this perspective outcome-
based. The second perspective is called choice-based and results when reasoning
about the individual bids of others and their joint distribution without thinking
about what motivates these bids. The third perspective is called intention-based
and starts by reasoning about opponent bidders’ intentions and values. It then uses
this to understand their bidding and the resulting properties of their maximal bid.

The selection of the perspective of the bidder is influenced by many factors.
These include her individual circumstances and information. An important role is
also played by the simplicity of the resulting model and how well it can be justified
to herself and others. In fact, different perspectives will lead to different ambiguity
sets and consequently to different performance guarantees. So, if the bidder can
work with different perspectives, the resulting performance guarantees can influence
which perspective is most suited to her.

We discuss some general considerations that can help in selecting the most
appropriate perspective for the application in mind. A bidder who has a good
feeling for the intentions of the other bidders with some understanding of their
values might choose the intention-based approach. The approach has its advantage
as the degree of similarity of others can be well modeled using constraints on their
values and on how they bid given these values. Moreover, it is close to the classic
framework as values and strategies are the primitives. The disadvantage is that
constraints on bid distributions have to be computed from constraints on values
and bidding strategies. This can be very intricate and opaque, particularly if values
can be correlated. The approach can be less straightforward in the mindset of a
pragmatic bidder who has observed past bids and wishes to adjust to these. In this
case, the choice-based approach might be more appropriate. One advantage is that
it is very effective in modeling the correlation between bids. Both the intention- and
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choice-based approach build on specific models of individual behavior that can be
avoided by the outcome-based approach. Under the outcome-based approach one
only has to make some conjectures about the highest opponent bid. The focus on
the object that determines the payoffs can make this approach natural. Moreover,
it is particularly useful when the bidder has little information.

We now come to the second step in which we determine the ambiguity set. Our
leading principle is the understanding that it can be straightforward to establish
what will not happen even when one is uncertain about what will happen. Follow-
ing this principle, the ambiguity set will be obtained by sequentially eliminating
environments that can be ruled out. Those that are left over are declared as being
conceivable. The elimination occurs by describing a class or feature of the environ-
ment, using the perspective selected in the first step, and then asking the bidder
to confirm that (she thinks) this feature will not occur. In the outcome-based ap-
proach, the feature is described in terms of properties of the distribution of the
maximal opponent bid. In the choice-based approach, the feature is formulated
directly in terms of the joint bid distribution. In the intention-based approach,
features of the values and their correlation together with bidding behavior are de-
scribed.

The elimination of environments within the second step follows an iterative pro-
cess. We propose starting with a large ambiguity set, possibly the set containing
all environments. One then refines the ambiguity set by eliminating environments
that one thinks are unlikely to be the true ones. These environments are described
in terms of the perspective. For instance, in the outcome-based perspective one
rules out some property of the maximal bid and consequently eliminates all envi-
ronments (bid distributions) that have this property. After each elimination round,
one computes the worst-case environment, that is, the environment that determines
why the performance guarantee is not better. The features of this environment in
terms of the chosen perspective are considered and asked whether they are conceiv-
able. The underlying idea is that environments should only be ruled out if they
lead to bids with better performance. A necessary condition for obtaining better
performance from one round of elimination to the next is, therefore, that worst-
case distributions can be eliminated. For instance, in the choice-based approach
when all environments are conceivable, one observes that a worst-case distribution
involves all others placing the same bid. This can motivate the introduction of a
lower bound on variation in the bidding of others (as we do in Section 6). The
iterative process stops when none of the worst-case distributions can be ruled out
or when the performance guarantee is sufficient, as assessed subjectively.
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Note that it makes little sense to eliminate environments one by one, particu-
larly as there are infinitely many. The idea is to formulate general features of the
worst-case distribution that one deems as not conceivable and then rule out all en-
vironments that have this feature. Features will be described using the perspective
chosen in the first step. Note that typically many environments will have the same
feature.

There are two trade-offs in constructing the ambiguity set. The first is to find
the balance between performance and the risk that the ambiguity set does not con-
tain the true environment. The more environments are eliminated, the more likely
it is that the true environment is ruled out and the better the performance guar-
antee when facing one of the remaining. The second trade-off concerns the bounds
between simplicity and precision. A simple model is one that can be described with
a few features that involve few numerical parameters. Ideally, not too many of
these features impact the optimal bidding function and the corresponding parame-
ter values are easy to identify. The idea is to produce a solution that can easily be
connected to the defining properties. On the other hand, many features might lead
to a high precision and good performance. This can be at the expense of simplicity
and tractability.

We try to eliminate worst-case environments to reduce the ambiguity set and
improve performance. However, sometimes the iterative procedure might stop be-
cause it is difficult to quantify the bound that underlies some intuitive features. For
instance, it may be difficult to quantify a lower bound on the variation even if one
knows that there will be some variation. In such cases we propose not changing
the bid but only investigating how the performance changes in the bound. In other
words, one obtains a parametric family of ambiguity sets. Instead of committing to
specific parameter values, one takes the bid from the last iteration and only investi-
gates how its performance changes in these parameters. This can be a powerful way
of understanding performance without needing to commit to specific features of the
environment. Note that an unsatisfactory performance guarantee of the bid that
results from the iteration might motivate the bidder to gather more information
prior to placing a bid.

We list a few questions that might help when trying to rule out environments.
We start with some general questions. Do you have any information on bidding
in similar auctions? What range of bids do you expect? Do you expect others to
be very aggressive in their bids? Next, we list some questions that are specific for
the outcome-based approach. What is the possible range of the highest opponent
bid? How likely is it that the highest opponent bid is very high or very low?

14



How dispersed can the distribution of the highest opponent bid be, or how likely
is it that the highest opponent bid will take a specific value? The answers can
be used to specify bounds on the distribution of the highest opponent bid. More
specific questions can be useful for the other two approaches. Do you know how
many bidders are taking part in the current auction? How similar are these bidders
to each other and to yourself? Are the other bidders incumbents or entrants?
Are there aggregate factors that you are not aware of that might make others bid
similarly? (This will lead to correlated bid distributions.) Or is it very likely that
they will bid independently, given the information you have? What do you know
about how others will bid? What kind of budget constraints do the other bidders
face? In the intention-based approach, one can also ask the following. Do you know
anything about the values of the other bidders? What do you know about their
risk preferences? Are they experienced? Are the bidders sophisticated or are they
naive?

How many questions one asks depends on the individual circumstances. Not all
questions have to be asked and not all answers have to be incorporated. In all three
approaches it can be useful to start by asking vague questions, as these can help to
rule out many environments without getting bogged down with details. After all,
given our leading principle, it is not about what you know will happen but rather
about what you know will not happen.

Data on past auctions can be included in each of the three approaches. On an in-
tuitive level, data can help understand what is conceivable. On a more formal level,
data in the form of empirical distributions can help quantify bounds on the possi-
ble outcomes, and the behavior and values of others. Information on past highest
opponent bids is most straightforwardly included in the outcome-based approach.
Data on individual bids in the past, while less common, can easily be incorporated
in the choice-based approach. Data on past valuations and the bidding of others is
useful in the intention-based approach. However, this type of information is very
rare. Note that our suggestions for using data are very different from the empirical
auction literature (Guerre et al., 2000). The defining difference is that we do not
impose equilibrium strategies. In all three approaches, the availability of past data
can be used to fine-tune the choice of the parameters (that we choose exogenously
in this paper).

Uncertainty might be decreased when others follow the ideas outlined in this
paper. Our proposed methodology is sufficiently flexible to include such an effect.
To incorporate this one would have to consider the intention-based approach as bids
will depend on values and hence one needs to think about the values of others in
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order to gain an understanding of their bidding. Depending on how sophisticated
these others are this could result in an equilibrium analysis. We further discuss this
issue in the light of our implementations at the end of Section 6.

6 Constructing Three Explicit Bids

In Section 5 we presented general principles for how to find the ambiguity set.
In this section we show how these principles can be used to obtain specific bid
recommendations. We do this in a low-information setting. Specifically, we consider
a bidder who knows her own value and the number of bidders but otherwise has very
little information. We implement each of the three approaches outlined in Section
5 and thus generate three bids. In Section 7, we show how these bids perform
empirically.

6.1 An Outcome-Based Bid: Maximal Uncertainty

We first adopt the outcome-based perspective and reason directly about the distri-
bution of the highest opponent bid without thinking about where it may come from.
We refer to this particular implementation as bidding under maximal uncertainty.
Following the procedure described in Section 5, we adopt an iterative procedure to
determine the ambiguity set. We start with a large ambiguity set. In each iteration
we first compute the minimax loss for the given ambiguity set. Then we ask our-
selves whether the worst-case distributions can be ruled out from the perspective of
the bidder. If the answer is “yes,” then we rule out the corresponding environments,
obtain a new ambiguity set and repeat this procedure. If the answer is “no,” then
the process stops and it is recommended that the bidder makes the bid that attains
minimax loss given the last ambiguity set of the iteration.

The large ambiguity set that we start with is the set of all bid distributions.
So, the ambiguity set B equals the set ∆

(
Rn−1

+

)
of all distributions. We need to

identify the minimax loss bid and the corresponding worst-case distributions. The
minimax loss bid is v1/2. We provide intuition for why this is the case. Consider
the payoffs of bidder 1 who bids b1. Assume first that the highest opponent bid
is 0 (in which case all others bid 0). Then, bidder 1 wins and has utility v1 − b1.
However, bidder 1 could have attained a utility close to v1 by bidding slightly above
0. Hence, her loss is (v1 − 0) − (v1 − b1) = b1. Now consider a bid distribution in
which the highest opponent bid is slightly above b1. Then, bidder 1 does not win
the object but could have won by bidding slightly higher. In this case, her loss is
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given by v1 − b1 − 0 = v1 − b1. Later, we show that all other distributions yield a
weakly lower loss than one of these two. The minimax loss bid b∗1 thus minimizes
the maximum of these two losses by equating them. So, b∗1 solves b∗1 = v1 − b∗1, and
hence b∗1 = v1/2. The level of minimax loss is v1/2.

The minimax loss is not small, so we proceed to the next step of the iteration.
We need to investigate whether the features of the worst-case distributions can be
ruled out from the perspective of the bidder. Here in the outcome-based approach
the perspective is to reason only about the highest opponent bid. So we ask, can we
rule out that the maximal bid of the others is almost certainly equal to 0 or almost
certainly slightly above v1/2? In many auctions it is not plausible that such extreme
bids occur almost certainly. So we introduce a lower threshold L below which the
highest opponent bid is not believed to fall. While it is easy to assume that such
a threshold exists, a bidder might find it difficult to pin down an exact number.
Thus, we introduce with p̄ a parameter that specifies the maximal probability under
which it is conceivable that the maximal opponent bid falls below L. Let BL,p̄ be
the resulting set of distributions, formally given by

BL,p̄ =
{
B ∈ ∆

(
Rn−1

+

)
: B(b−1) ≤ p̄ if bj < L for all j 6= 1)

}
.

We call this implementationmaximal uncertainty as it allows for all bid distributions
to be conceivable by setting L = 0 and p̄ = 0. In the case where the auction has
a reserve price R, the reserve price bounds the threshold L from below, so L ≥ R.
Moreover, p̄ must be 0 if L = R.

We present the minimax loss bid and the minimax loss for the set of conceivable
distributions BL,p̄. The proof of the result is in the appendix.

Proposition 1. Assume that 0 ≤ L < v1 and p̄ ≤ (v1 − L)/(v1 + L). The unique
minimax loss bid for the set of conceivable environments BL,p̄ is given by

b∗1 =
v1 + L

2
. (1)

The corresponding minimax loss equals

l∗1 =
v1 − L

2
.

The formulae for l∗1 and b∗1 are computed almost analogously as in the case
where L = 0. Note that the result does not depend on the number of bidders
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n. This is intuitive given that the bidder reasons about the maximal bid. Hence,
the proposition is also applicable when the number of bidders is unknown. Note
also that the parameter p̄ does not enter the above result. The intuition for this
is as follows. When the likelihood of the highest opponent bid being below L is
sufficiently small, then the best response is to bid at least L. So, it is as though
p̄ = 0 and those who bid below L now bid L.

Next, we briefly discuss the choice of L and p̄. Note that p̄ increases (weakly)
by definition as L increases. Recall from Section 5 that we argue in favor of simple
implementations that depend on as few parameters as possible. By choosing L

sufficiently small, we obtain a p̄ that stays just below the threshold. This yields
a minimax loss bid that does not depend on p̄ and, as such, is simple. Given this
reasoning, we do not present the minimax loss bid when p̄ is above the threshold.

The bidding function presented in Equation (1), evaluated for the special case
where L = 0, also appears as a solution to the minimization of maximal regret
in Sošić (2007) (Example 1) and Halpern and Pass (2012). These papers follow
the minimax regret literature (Savage, 1951) in computing loss ex post, that is,
conditional on the actual bids of the others. As mentioned in Section 4, we choose
a different approach and compute loss conditional on the bid distribution. Note that
the results obtained in Proposition 1 remain unchanged when p̄ = 0 and minimax
regret is used instead of minimax loss. The equivalence of the two decision criteria
does not hold for the other results in this paper.

Minimax loss has been reduced as compared to the first step of the iteration
where L = 0. Yet the minimax loss is still large. Following Proposition 1, the
minimax loss is 50% of the maximal possible payoff of bidder 1, given by v1 − L.
Thus, we proceed with the iteration.

The worst-case bid distributions feature the highest opponent bid being either
almost surely equal to L or almost surely slightly above b∗1. We rule out that the
maximal bid is (essentially) deterministic as in both of these cases. Instead, we
expect that there will be some variation in the maximal bid. So, we impose lower
and upper bounds on the density of the highest opponent bid. This rules out point
masses and holes in its support. For analytic simplicity, we limit attention to the
case where p̄ = 0, so the maximal bid is believed to be certainly above L.

We formally define the new set of conceivable bid distributions. Let α1 and α2

be the normalized bounds on the density of the distribution of the highest opponent
bid such that 0 ≤ α1 ≤ 1 ≤ α2. Specifically, a bid distribution is qualified as being
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conceivable if and only if

α1 ·
x2 − x1

v1 − L
≤ P (max b−1 ∈ [x1, x2]) ≤ α2 ·

x2 − x1

v1 − L
(2)

for all L ≤ x1 ≤ x2 ≤ v1. The resulting set of conceivable distributions is denoted
by BL,α1,α2 .

We hesitate to specify values for the bounds α1 and α2 as there are no salient
values. So, we adopt the flexible approach presented in Section 5. Instead of
committing to specific values for α1 and α2, we investigate how the minimax loss
bid from Proposition 1 performs as a function of these parameters. Surprisingly, we
find that the optimal bid from Proposition 1 often still attains minimax loss. The
proof is in the appendix.

Proposition 2. Let b∗1 = (v1 + L)/2 and

l̄1 =
(α2 − α1)2

16α2

(v1 − L) .

(i) The maximal loss of bidding b1 when B ∈ BL,α1,α2 equals

sup
B∈BL,α1,α2

l(b∗1, B) =

l̄1 if α1 ≤ −α2 + 2
√
α2 and α2 ≤ 4

(1− α1)
α2
1+α2

2−2α2

(α2−α1)2
v1−L

2
if α1 > −α2 + 2

√
α2 or α2 > 4.

(ii) If 0 ≤ α1 ≤ 2α2 −
√

5α2
2 − 4α2, then b∗1 is the minimax loss bid and the

minimax loss equals l̄1.

The above result shows that the minimax loss bid from Proposition 1 performs
well when the difference between the two density bounds α1 and α2 is not too large.
For example, if α1 ≥ 1/3 and α2 ≤ 3, then the minimax loss is below 15% of the
maximal possible payoff v1 − L.

To summarize, we start with a large ambiguity set and refine it by introducing
a lower threshold and bounds on the density of the distribution of the highest bid.
Nevertheless, the model maintains a low level of specificity. Bidding behavior only
depends on a single parameter L. In particular, it does not even depend on n and
hence is applicable even when the number of bidders is unknown. The environment
is described in a simple fashion only in terms of the distribution of the maximal
bid.
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6.2 A Choice-Based Bid: Variation in Bidding

In this section, we apply the choice-based approach and reason about the other
bidders’ choices (bids) without thinking where they might come from. We refer to
the particular implementation as variation in bidding.

We start with the set of all bid distributions, as in the outcome-based approach.
In the first iteration step we eliminate all bids below L. As shown in Subsection 6.1,
this leaves us with worst-case distributions in which everyone bids L or where they
coordinate so that at least one of them bids just above (v1 + L)/2 and all others
bid weakly less. Note the lack of variation in the individual bidding in the first
case and the perfect correlation in the second case. We rule out such environments
as there is too little variation and independence in the bidding. So, we continue
with our iterative procedure. In the outcome-based approach we could only impose
conditions on the maximal bid. Here, in the choice-based approach, we can add
restrictions directly to the bids.

We introduce some independence by assuming that with (independent) probabil-
ity τ a bidder bids independently. We call such a bidder “constrained.” This allows
us to capture the correlation structure with a single variable. We introduce some
variation in individual bidding by assuming that the bids of the constrained bidders
are independent draws from a distribution G that contains [L, v1] in its support.
The bids of the unconstrained bidders are arbitrary. They can be independent or
perfectly correlated, or anything in-between. The constraints imply that bidder j’s
marginal bid distribution must be at least τG. We discuss the choices of τ and G
below.

The ambiguity set is denoted by Bτ,G and formally defined as follows. For a bid
distribution B, let Bj be the marginal distribution of the bids of bidder j. The set
of conceivable bid distributions is then given by

Bτ,G =

 B ∈ ∆ (Rn−1) : B (b−1) =
∑

i τ
∑n−1
j=1 ij(1− τ)n−1−

∑n−1
j=1 ijHi

(
(bj)j:ij=0

)∏
j:ij=1G (bj)

for i ∈ {0, 1}n−1 and Hi ∈ ∆
(
Rn−1−

∑n−1
j=1 ij

) 
Bidding in view of this ambiguity set is referred to as variation in bidding.

How to choose G? Note that the support of G is required to contain [L, v1].
Thus, any bid b below v1 occurs with a probability of at least τ · G(b). So G

introduces variation in the bidding of each of the other bidders. For instance, one
might choose G as a smooth approximation of the empirical distribution of bids in
previous and similar auctions. A salient choice that we recommend in the absence of
data is to choose G as the uniform distribution on [L, v1]. The uniform distribution
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adds variation without giving prominence to any particular bid. Note that there is
no mass above v1 as it would just lower loss without changing the incentives.

How to choose the parameter τ? The parameter τ is the minimal likelihood
that any other bidder independently selects their bid from the distribution G. So τ
simultaneously captures the degree of independence and the trust inG. In this sense,
τ reflects the accuracy of the estimate G of the bid distribution. This accuracy, and
hence τ , may increase as the bidder gathers more data. If τ is close to 0, then the
ambiguity set contains almost all distributions over bids above L. If τ is close to
1, then it is as if facing n − 1 independent bids from the distribution G. In the
empirical applications reported in Section 7, we set τ = 0.15, where we committed
to this value prior to looking at the data.1

The particular implementation with τ and G uniform would arise if the bidder
thought that she was facing others who used reinforcement learning (Q-learning)
with ε-greedy exploration (Sutton and Barto, 2018). The other bidders’ Q-matrices,
value distributions, and greedy actions are unknown, but the bidder knows that with
probability ε (τ) they will choose a bid uniformly. A common choice for ε (τ) is 0.1.
The restriction to bids below v1 is again merely a normalization in favor of higher
loss.

We add some comments on the rationale of our modeling. Modeling minimal
independence with a binomial distribution is simple, rests on a single free parameter,
and is easy to communicate. Note that we did not find any alternative suggestions in
the literature for how to model minimal independence. The decision to let G be the
uniform distribution on [L, v1] means that the set of conceivable bid distributions of
bidder 1 depends on the valuation of this bidder. This reflects that the conceivable
bid distributions are subjective from the viewpoint of the bidder, where v1 is part
of the characteristics of the bidder. Moreover, it is the only salient choice that did
not add another parameter that needs to be chosen.

We now start the analysis. The next lemma shows that there are always worst-
case distributions that take a simple form. The proof is in the appendix.

Lemma 1. For any bid b1 of bidder 1, there is a worst-case bid distribution where
all unconstrained bidders submit the same bid.

Given Lemma 1, we can now limit attention to investigating the maximum
loss when all unconstrained bidders submit the same bid. Note that such bid
distributions have a mass point at the bid of the unconstrained. Given this mass

1Our motivation was that the constraints should not be negligible, but they should also not be
substantial. Guided by our intuition (which is clearly subjective), we found a value of τ equal to
0.1 to be too small and a value of 0.2 to be too large and hence converged on 0.15.
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point, we have to distinguish three cases in our calculations of expected utility,
depending on how b1 compares to this mass point. If bidder 1 bids strictly above
the mass point, then the expected utility, denoted by u+

1 , is equal to

u+
1 (b1) =

n−1∑
k=0

(
n− 1

k

)
τ k(1− τ)n−1−kG(b1)k(v1 − b1)

as bidder 1 wins only if b1 is also higher than the bids of the k constrained bidders,
k = 0, 1, . . . , n− 1. Conversely, if bidder 1 bids strictly below the mass point, then
one wins only if all the other bidders are constrained, in which case b1 is higher than
bidder j’s bid with probability G(b1). So the expected utility of bidder 1, denoted
by u−1 , equals

u−1 (b1) = τn−1G(b1)n−1(v1 − b1).

We do not have to consider the third case where the bid b1 is equal to the mass
point as this will never be a worst-case distribution.

Next, we analyze the maximal loss for which there are two cases. We say that
bidder 1 is bidding too high in a given environment if the best response is below
her bid. In the other case, she is bidding too low. The minimax loss bid equates
the two maximal losses in each of these two cases.

We now compute the maximal loss of bidding too high. When the best bid h

is smaller than b1, then loss is maximal when the point mass of the unconstrained
bidders is smaller than h. Consequently, the maximal loss of bidding too high is
given by supĥ:ĥ<b1

u+(ĥ)− u+(b1).
Now consider loss when b1 is too low. This means that the best response h to the

true bid distribution is higher than b1. Note that loss of bidding too low is largest
if the point mass of the unconstrained bidders lies between b1 and h. Consequently,
the maximal loss of bidding too low is given by supĥ:ĥ>b1

u+(ĥ)− u−(b1).
It then follows easily that the minimax loss bid equalizes the maximal loss of

bidding too low and the maximal loss of bidding too high. As there may be multiple
bids with this property, the minimax loss bid is the one with the lowest maximal
loss. The following proposition summarizes. The proof is in the appendix.

Proposition 3. Let X be the set of bids such that the maximal loss of bidding too
high equals the maximal loss of bidding too low, that is,

X = {b ∈ [L, v1] : sup
ĥ:ĥ∈[L,b]

u+
1 (ĥ)− u+

1 (b) = sup
ĥ:ĥ>b

u+
1 (ĥ)− u−1 (b)}.
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The minimax bid b∗1 when facing Bτ,G minimizes maximal loss on X, that is,

b∗1 ∈ arg min
b∈X

sup
ĥ:ĥ∈[L,b]

u+
1 (ĥ)− u+

1 (b).

In the following we provide more detail for the special case highlighted above in
which G is uniform on [L, v1]. In particular, we show that there is a unique minimax
loss bid and how to compute this bid. Consider first the case of bidding too high
and suppose the unconstrained all bid L. The expected utility of bidding above the
mass point, denoted by u+

1 , is given by

u+
1 (b1) =

n−1∑
k=0

(
n− 1

k

)
τ k (1− τ)n−1−k

(
b1 − L
v1 − L

)k
(v1 − b1) .

The maximal expected utility is attained at max{L, b̃}, where b̃ = v1−(v1 − L) /(nτ).
Intuitively, due to the unconstrained bidders, the distribution of the bids of the other
bidders has a mass point at L in the worst case. When τ or n is small, then the
optimal bid ignores the constrained bidders and bids slightly above L. When τ or n
are sufficiently high, then the competition with the constrained bidders causes the
highest expected utility to be attained when bidding b̃. This case arises when b̃ is
greater than L, so when τ ≥ 1/n. Consequently, the maximal loss of bidding too
high is given by u+

1 (max{L, b̃})− u+
1 (b1).

Now, consider the case of bidding too low. The expected utility of bidding below
the mass point, denoted by u−1 , is given by

u−1 (b1) = τn−1

(
b1 − L
v1 − L

)n−1

(v1 − b1) .

The worst-case distribution is attained when all unconstrained bidders bid slightly
above b1. The best response is to bid slightly above them. This yields a payoff of
u+

1 (b1). Consequently, the maximal loss of bidding too low is u+
1 (b1)− u−1 (b1).

The next proposition summarizes, the proof is in the appendix.

Proposition 4. Let G(x) = (x− L)/(v1 − L) for x ∈ [L, v1]. The unique minimax
loss bid b∗1 when facing Bτ,G solves

u+
1 (max{L, b̃})− u+

1 (b∗1) = u+
1 (b∗1)− u−1 (b∗1) . (3)

Minimax loss equals l∗1 = u+
1 (b∗1) − u−1 (b∗1). The minimax loss bid b∗1 increases in

the number of bidders n.
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Both the minimax loss bid b∗1 as the solution to (3) and the minimax loss l∗1
depend on the number of bidders. Evaluating (3) for τ = 0.15, we obtain that the
minimax loss is below 26% and 15% of the maximal possible payoff v1 − L when
n ≥ 5 and n ≥ 9, respectively.

We evaluate the worst-case distributions. These exhibit point masses due to the
identical bidding of the unconstrained bidders. This pattern of behavior does not
seem plausible. Hence, in analogy to Section 6.1, we investigate how the minimax
loss bid performs when there is variation in the maximal bid of the unconstrained
bidders. Details are given in Appendix A. Once again, we do not reoptimize the
bid when introducing these bounds. We find that its maximal loss is below 13% of
v1 − L when α1 ≥ 1/3 and α2 ≤ 3.

6.3 An Intention-Based Bid: Variation in Values

In our third implementation we derive a bid by using the intention-based approach.
We look at environments from the perspective of the underlying values and the
bidding strategies of the other bidders. We call this variation in values.

We begin without any constraints on values or bidding strategies. Following
Subsection 6.1 the worst-case distributions that emerge exhibit either all bidding
0 or the maximal bid being almost certainly slightly above v1/2. As the minimax
loss is high we proceed with the iteration. Our objective is to rule out one of the
worst-case bid distributions by connecting bid distributions to conceivable value
distributions and bidding strategies. As in the previous approach, we do this by
imposing variation and independence.

At this point we assume that valuations and bidding behavior are independent
across bidders. We have three reasons for doing this. First, such independence is
frequently presumed. Indirect evidence can be found in our survey where none of
the respondents referred to an explicit modeling of the correlation in the values.
Second, it connects our bidding to the classical literature where independence is
often assumed. Third, it leads to a particularly simple mathematical structure,
which is instrumental when choosing the particular parameters.

We connect bids to values, thereby indirectly incorporating the objectives of the
different bidders. First of all, we do not think that any of the other bidders will
bid above their own value. Moreover, none of them is expected to bid too far below
their own value. To capture this we introduce σ ∈ (0, 1) such that any of the other
bidders with value v is not believed to bid below σ · v. Note that this assumption
does not rule out that all others bid 0 as this can result from all others having a
value of 0. Similar to imposing a lower bound L on bids, it is natural to impose
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a lower bound on values. We denote this lower bound by K. Together with our
assumption about bidding behavior this rules out bids below σ ·K. The worst-case
distribution in which all bid 0 now turns into the one in which all bid σ ·K. Next, we
impose some variation on the bids of the other bidders. Specifically, we put bounds
on how likely it is that bidders have low valuations. We do this by introducing
an upper bound on the cdf of the distribution of values of any given bidder. We
choose a particular parametric form of an exponential bound as it leads to simple
bidding functions. This makes the resulting performance guarantee traceable to the
degree of stringiness of this bound. Specifically, we assume that the distribution Fj
of bidder j’s values is bounded above in that Fj (vj) ≤ η (vj −K)α for vj ≥ K with
η > 0 and α > 0. Consequently, in each environment there might be bidders with
values above K ′ − ε for any ε > 0, where K ′ = K + η−1/α is the smallest highest
possible value. So the highest possible bid is at least σ ·K ′. Note that the bound
on Fj becomes tighter as α increases and η decreases. The bound allows Fj to have
point masses (with possibly small weights) at values strictly above K. So we have
introduced four parameters whose values have to be chosen: σ, K, η and α.

Let Bη,K,α,σ denote the set of conceivable bid distributions that arises under the
above constraints. It is formally given by

Bη,K,α,σ =

{
B ∈ (∆R+)n−1 : Bj(bj) ≤ η

(
max{bj, σK}

σ
−K

)α
for all j 6= 1

}
Bidding in view of this ambiguity set is refereed to as variation in values.2

We give some intuition for how the minimax loss bid is computed. The first
observation is that it can be shown that loss is maximal when all other bidders bid
σ times their own value and the value distribution puts the maximal mass η(x−K)α

at some value x such that σ · x < v1 and the rest of the mass on sufficiently high
values, for instance, above v1/σ. The intuition for this is that the worst case arises
when the probability of bids is maximal between the bid of bidder 1 and the payoff-
maximizing bid.

We then find that the maximal loss of bidding too low is attained when as many
as possible bid slightly higher than bidder 1, which means that they have a value

2Note that the lower bound on the bid given the value together with the upper bound on the
value distribution lead to a single bound on the bid distribution, namely Bj(bj) ≤ η(bj/σ −K)α.
The latter bound is the bound used to compute minimax loss. As this is a bound on the individual
bid distribution, it can also be used in the choice-based approach.

25



slightly above b1/σ. This maximal loss becomes

ηn−1

(
b1

σ
−K

)α(n−1)

(v1 − b1).

The maximal loss of bidding too high is attained for some value x such that σ ·x
is below the bid of bidder 1. The corresponding value of loss equals

ηn−1(x−K)α(n−1) · (b1 − σ · x).

Maximizing the loss of bidding too high with respect to x leads to

σηn−1 ββ

(1 + β)1+β

(
b1

σ
−K

)1+β

, (4)

where β = α(n− 1).
Equating the maximal loss of bidding too low and the maximal loss of bidding

too high, we obtain b̄∗1 := ρ · v1 + (1− ρ)σK, where

ρ =
(1 + β)1+β

(1 + β)1+β + ββ
.

Note that the computations above rely on the bound on the mass being a true
constraint. So this computation is only correct if the bound on the mass for bidders
bidding slightly above b̄∗1/σ is below 1, so if η(b̄∗1/σ − K)α ≤ 1. This holds if and
only if

v ≤ v̄ := σ

(
K +

1

ρη1/α

)
.

Some notes are in place. The parameter ρ is strictly between 1/2 and 1 and is
increasing in β. So the minimax loss bid is a weighted combination of the lowest
possible bid σK and the own value v1, where more weight is put on the own value.
This bid increases in n and α. The parameter β can be interpreted as a measure
of how competitive the auction is believed to be. The more bidders there are, the
more likely there will be a high bid. Similarly, the higher α, the more likely it is
that another bidder has a high value, which leads to higher bids. The finding is
that the minimax loss bid increases in the competitiveness of the auction according
to the function ρ.

The bid b̄∗1 = ρv1 + (1 − ρ)σK attains minimax loss when v ≤ v̄, which means
that it is not conceivable for bidder 1 that all others almost certainly have a value
below b̄∗1/σ. As this condition might not hold we also present minimax loss bids for
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the other parameter regions as well as the performance guarantee of b̄∗1 when v > v̄.
Let v̂ be a cutoff value defined as

v̂ = σ

(
K +

2 + β

βη1/α

)
.

We summarize our findings. The formal proof can be found in the appendix.

Proposition 5. The unique minimax loss bid b∗1 when facing Bη,K,α,σ is given by

b∗1 =


ρv1 + (1− ρ)σK if σK ≤ v1 ≤ v̄

b1 s.t. v1 − b1 = σηn−1 ββ

(1+β)1+β

(
b1
σ
−K

)1+β if v̄ < v1 ≤ v̂

1
2

(
v1 + σK + σ

η1/α

)
if v̂ < v1.

(5)

The minimax loss bid b∗1 is continuous, increasing in v1, increasing in n for v ≤ v̂,
and independent of n for v > v̂. The corresponding value of the minimax loss is
given by

l∗1 =


ηn−1

(
ρ
σ

)β
(1− ρ) (v1 − σK)1+β if σK ≤ v1 ≤ v̄

v1 − b∗1 if v̄ < v1 ≤ v̂

1
2

(
v1 − σK − σ

η1/α

)
if v1 > v̂.

(6)

For v1 > v̄, the loss of bidding b̄∗1 = ρv1 + (1− ρ)σK is l̄1, where

l̄1 =


max

{
v − b̄∗1, ββ

ηn−1

σβ

(
b̄∗1−σK

1+β

)1+β
}

for b̄∗1 ≤ σK + σ(1+β)

βη1/α

max
{
v1 − b̄∗1, b̄∗1 − σK − σ

η1/α

}
otherwise.

(7)

To illustrate the magnitude of the minimax loss, consider the following example.
Consider K = 0, α = σ = 1/2, η = 2/(3

√
v1 −K) and five bidders. This η implies

that bidder 1 conceives that any other bidder has a value above v1 with a probability
of at least 1/3. The minimax loss is less than 8% of the maximal possible payoff
v1 − σK = v1. If instead η = 3/(4

√
v1 −K), then the probability of any other

bidder having a value above v1 is at least 1/4. As values (and correspondingly bids)
below v1 become more likely, the upper bound on minimax loss increases to about
12%.

The minimax loss bid distinguishes different regions for v1 depending on where
it lies relative to v̄ and v̂. The cases are determined by whether or not the upper
bound on the value distribution is binding in the worst-case bid distributions. For
low values the worst cases associated with bidding too low and too high involve

27



value distributions where the bound on F is binding. For high values, both worst-
case bid distributions put the entire mass on some bid. In the intermediate region,
the worst-case distribution puts the entire mass on one bid when bidding too low
but not when bidding too high.

We present some insights before we discuss how to find the parameters and how
to bid.

Consider the value distribution. Any bidder has a value above K, where K is
the largest parameter with this property. Similarly, in any auction there can be a
bidder who has a value above K ′ where K ′ is the largest number with this property.
The parameter α can be interpreted as a conversion rate between individual values
and the highest value among the other bidders. In the worst case, facing n − 1

bidders under α is like facing (n − 1) · α bidders under a linear bound. With a
higher α it is like facing more bidders. The parameter α also influences how likely
it is that values are close to K. As α increases one can rule out likelihoods that the
values of others are close to K. Similarly, as η decreases the conceivable mass near
K becomes smaller.

The parameter σ gives a bound on how low a bid can be relative to the value of
this bidder. In particular, no single bid will lie below σ ·K and the highest possible
bid lies above σ ·K ′. When the auction is more competitive, then σ will be higher.

Given the above insights, we suggest determining the free parameters as follows.
First determine α, the lowest possible value K, and the lowest maximal possible
value K ′. Then choose the conversion rate α, understanding that α also influences
the possibility of mass near K. Use K, K ′, and α to compute η. An alternative
is to first choose K and α and a lower bound on the probability that one of the
other bidders has a value above v1, and to use these to determine η. Following
both alternatives may be helpful for understanding the plausibility of the chosen
parameters. Now choose σ, calculate ρ, and consider the bid b̄∗1 = ρ·v1+(1−ρ)·σ·K.
If it is impossible that all competing bids lie below b̄∗1, so if σ ·K ′ > b̄∗1, then select
b̄∗1 as it attains minimax loss. If, on the other hand, it is conceivable that all bids
lie almost surely below b̄∗1, so v1 > v̄, then there are two options. One option is to
choose the minimax loss bid as given in Proposition 5, which will depend on all four
free parameters K, α, η, and σ. The other option is to bid b̄∗1 and understand that
maximal loss is no longer the smallest possible. Notice in the latter case that the
bid depends only on the conversion rate α and the lowest possible bid σ ·K. The
remaining free parameters only influence the value of the maximal loss. Under this
option the bid is less dependent on the free parameters and is thus our preferred
alternative. If it turns out that the maximal loss is too high, then a third option is
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to bid according to either the outcome- or choice-based approach.
In our data application, whenever there is no information about others, we

choose σ = α = 1/2 as salient representatives and choose K equal to the reserve
price. Moreover, we bid b̄∗1 as it attains the minimax loss for low values of v1 and
does not require specifying a value of η.

We now come back to the discussion of how to implement our methodology
when others are aware of the ideas of the paper. We recommend choosing σ such
that σ · v ≤ ρ · v + (1− ρ)Kσ. This ensures that the lower bound on bids is below
the minimax bid in the intention-based approach. Hence, the beliefs are consistent
with the selected bidding function. In future research one might want to investigate
the setting where there is some commonly known lower bound on the proportion
of other bidders who follow the model of variation in values. This would lead to
an equilibrium approach. Note that the other two approaches, outcome-based and
choice-based, remain valid when others read the paper. These two approaches do
not reason about the values and hence any bid above L can be rationalized as a
bidder following this paper with an appropriate value.

6.4 Illustration

In this section, we illustrate the bidding functions and corresponding values of
maximal loss for our approaches. Figure 1a shows the minimax bids, and Figure 1b
presents the maximal loss. In each figure, we vary the number of bidders n in the
auction.

For Figure 1a, we normalize v1 and L to values 1 and 0, respectively. For
variation in values, we choose α = σ = 1/2 and η = 2/3 so that the probability that
any other bidder has a higher value than bidder 1 is at least 1/3. For this parameter
choice and for any number of bidders, the bid under variation in values is largest,
followed by that under variation in bidding and maximal uncertainty. Note that
the bid under maximal uncertainty does not change with n while the bid in each of
the other two models increases in n. This increase with n is driven by the increase
in the probability of large bids, which stems from the independence assumptions.

In Figure 1b, we show the normalized losses. When incorporating bounds on the
density under maximal uncertainty and variation in bidding, we choose α1 = 1/3

and α2 = 3. We observe that the minimax loss of maximal uncertainty does not
depend on the number of bidders. For each of the other models, minimax loss is
decreasing in the number of bidders.
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Figure 1: Minimax loss bid and loss as a function of the number of bidders
Notes: The following abbreviations are used: ‘MaxUn’ for maximal uncertainty,

‘VarBid’ for variation in bidding, ‘VarVal’ for variation in values, ‘vMaxUn’ and
‘vVarBid’ when additional constraints on the densities are incorporated in VarBid
and VarVal as in propositions 2 and 6 (Appendix A), respectively.

7 Empirical Performance

In this section, we investigate how the bids we have designed perform when facing
real bidders. In particular, we compare the performance of our bids to those actually
made in the auction and the Bayes-Nash equilibrium bids.

We choose data from both laboratory experiments and the field. Individual
valuations are given by the design in the laboratory experiment, in the field they
are estimated. Performance is measured by the loss relative to the bid distributions
encountered in the data. To emphasize that loss is computed from the data, we
refer to it as the empirical loss. Here, we give a general overview. Details can be
found in Appendix C and the online appendix.

7.1 Connecting Empirical Loss to the Theory

We start by explaining what the theory of Section 6 implies for the empirical per-
formance for each of the three approaches.

Consider maximal uncertainty. As the ambiguity set contains the empirical bid
distribution, the empirical loss will be smaller than the minimax loss identified in
Proposition 1. Moreover, Proposition 2 provides an approximate upper bound on
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the empirical loss when we insert the bounds on the density found in the data.3

These bounds are important as they identify the degree to which performance is
due to the way the bid is constructed. The amount that performance in the data
lies below these bounds is then due to the particular features in the data set. The
reader should be reminded that the benchmark for performance is the worst case.
Typical performance will be much better, it is just not possible to compute typical
performance in such models where there is no prior over the possible bid distribu-
tions. When the bound in Proposition 2 is small, then the good performance of the
bidding rule is not a coincidence but a consequence of its design.

Consider variation in bidding. Empirical loss is compared to the minimax loss
identified in Proposition 4, and, inserting the empirical bounds on the densities,
to the maximal loss in Proposition 6 (Appendix A). Here the assumptions made
about the environment, need not hold in the true setting. Nevertheless, we believe
that they provide a good understanding of the theoretical performance. Of course,
it is theoretically possible that the empirical loss is larger than the minimax loss
identified in these propositions.

Finally, consider variation in values. The free parameter η is estimated using the
data and then inserted to obtain the bound on maximal loss as specified in Propo-
sition 5. Once again the assumptions made to implement the approach need not
hold in the setting of the data. We remain interested in whether good performance
in the data is similar to the estimated bounds in Proposition 5.

7.2 The Data

We consider data from two different sources: laboratory experiments and the field.
The corresponding two data sets nicely complement each other and exhibit a large
variety of different features.

The laboratory experiment we use is from Güth and Ivanova-Stenzel (2003).
It allows us to compare how our recommendations perform under different levels
of common knowledge among the bidders. In each auction a weak bidder bids
against a strong bidder. The values of each bidder are uniformly and independently
distributed from a given interval. The range of values of the weak bidder is lower
than that of the strong bidder. There are two treatments in this experiment. In
one treatment bidders have minimal information. All they know about how values
are determined is that values are drawn independently. In particular, they do not

3The reason why it is not an exact upper bound is because our data observations belong to a
grid while Proposition 2 is formulated for continuous distributions. The error in the approximation
is, however, minimal as it is equal to half the distance between two grid points.
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even know that there are weak and strong bidders. In the other treatment each
bidder knows the distributions from which the own and the opponent’s values are
drawn. Subjects repeatedly bid in this auction. There are 24 rounds, each with
newly generated values and randomly changing opponents. However, the bidder
type, weak or strong, does not change throughout the experiment. We use data
of the first round of bidding as at this time the bidders are inexperienced and our
approaches are designed and parameterized for bidders who have little information
and experience. However, we also look at the last round as a robustness check, as
discussed below. Note that we also analyze the treatment in which bidders know
the value distribution. While this is not a realistic setting, we included the data to
show the flexibility of our implementations.

For field data, we call upon the popular and extensively studied timber auctions
(e.g., Baldwin et al., 1997). In this data set, the stakes are high and the bidders can
be considered to be experts. Some auctions are run in the English auction format,
which allows us to estimate the values of the bidders. The data contains information
on the bids, the number and types of bidders (logger or mill), together with some
auction characteristics such as the size of the lot and the type of wood. The number
of bidders varies from two to 12. Loggers mainly differ from mill bidders in that
they tend to be smaller companies without processing facilities.

Our bidding approaches should perform well in many different settings as they
are designed to perform well under minimal assumptions on the environment. We
point out the multitude of different environments underlying our data sets. Bidders
exhibit very different degrees of experience. Subjects in the laboratory experiments
are inexperienced in bidding in first-price auctions. In later rounds, they become
more experienced. Learning is easier in the treatment where they are given extensive
information about how values are determined. The bidders in the timber auctions
bid frequently and can be considered experienced as bidding in auctions is part of
their job. The data sets contain bidders that are heterogeneous with very different
degrees of observable heterogeneity. In one experimental treatment, the bidders
know the value distributions. In the other treatment, the value distributions are
unknown to them. Moreover, they are unaware of the asymmetry imposed by
the difference between weak and strong bidders. In the timber auctions, there is
an observable asymmetry between loggers and mills. In these auctions, there is
likely to be additional heterogeneity that is not observable to us as these bidders
frequently bid against each other. Bidding behavior is independent by design in
the first rounds of the experiment, while it is possibly correlated in later rounds.
Dependencies can arise in the timber auctions due to the repeated nature and due
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to collusive behavior. Note that all of our models, except for the model of variation
in values, have been constructed to allow for some collusion. Athey et al. (2011) do
not find support for collusion in this timber auction data set but note that there is
also no evidence that there is no collusion.

7.3 The Empirical Methodology

For each bidder we identify a value, the parameters needed for the bid, and the bid
distribution they face. Throughout, we maintain the assumption that bidder 1 is
risk neutral. In the online appendix we discuss some findings for risk aversion.

In the experimental data the bid distribution is determined by the empirical
distribution of bids made by each of the two bidder types in the first round. In
the timber auction data, we assume independent bidding and use, following Athey
et al. (2011), a Weibull distribution to estimate the bid distributions conditional on
the covariates of the auction.

The values of the bidders are determined as follows. In the experimental data,
the values are given by the design of the experiment. In the timber auction data,
we do not know the bidders’ values and hence need to estimate them. To do this,
we use data from timber auctions for similar lots that were conducted as English
auctions. Our identifying assumption is that bidders bid their true value in these
English auctions. We use a Weibull specification to estimate the distribution of
values conditional on the auction covariates in these related auctions. We then
return to our first-price auctions of interest and estimate the value of a bidder in
this auction by assigning to this bidder the expected value of our estimated value
distribution conditional on the covariates of this auction and the bidder’s bid. It
is as if we were randomly drawing values from the estimated value distribution
conditional on drawing values that are higher than the observed bid.

The parameters for the bids in the three different approaches are determined
as follows. The parameter L is chosen the same way in maximal uncertainty as
in variation in bidding. In the experiment with unknown value distributions, we
choose L = 0. In the treatment with known distributions, we choose L equal to 25,
which is half of the lowest possible value (50). The value half arrives in analogy to
our model of variation in values from a belief that no bidder bids below half of her
value. In the timber auctions, we set L equal to the reserve price. For variation in
bidding we set τ = 0.15 following our precommitment.

For variation in values we choose the parameters as follows. Consider the exper-
imental treatment with the unknown value distribution and the timber auctions.
We set K equal to 0 in the experiment and equal to the reserve price r in the timber
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auctions. We use α = σ = 0.5 following our precommitment. The bid is set equal
to the maximum of ρ · v + (1− ρ) · σ ·K and the reserve price K. (The constraint
imposed by the reserve price is never binding.) Note that the parameter η does
not enter the bid. Its choice in these two settings will be explained later. Consider
now the experimental treatment with the known value distributions. We choose the
parameters to match the available information. As values are uniformly distributed,
we choose α = 1 and η = 1/(v−K), where v is the highest possible value. We have
v = 150 for weak bidders and v = 200 for strong bidders. The lowest value for any
bidder is K = 50. Note that η now influences the bidding.

With the above information we compute the empirical loss of our bids and some
bounds on their loss. We compare this to the empirical loss of two benchmarks:
the actual bids and the Bayes-Nash equilibrium bidding strategies. The BNE bid-
ding strategies for the lab experiment are contained in Güth and Ivanova-Stenzel
(2003). For the field data, we estimate the value distributions from related English
auctions and use them to compute the BNE. The BNE benchmark is not provided
in asymmetric auctions that contain both loggers and millers due to the lack of a
closed-form solution. To better assess the differences in the performance across the
different settings and data sources, we divide the loss of a bidder with value v by
the maximal payoff that she can attain. According to the approach, the maximal
payoff is either v−L or v− σ ·K. The information above allows us to compute an
empirical loss for each of our three bids.

We summarize our findings by showing the average, the 90th percentile, and the
maximum of the distribution of the empirical loss. Remember that the empirical
loss is the loss when facing the empirical bid distribution conditional on the value
(and the auction covariates). The above statistics refer to the variation of empirical
loss with respect to the different values and auction covariates.

We compare the empirical findings to the loss predicted by our theories using
two different bounds. One bound, later referred to as ‘MAX,’ is given by the
minimax loss as identified by our propositions. For this we use the parameters
that we fixed in order to determine the bids. In particular this value cannot be
calculated under variation in values when value distributions are unknown (timber
auctions and the experimental treatment with the unknown value distribution) as
in these cases we have not committed to a value for η. The other bound is later
referred to as the adjusted maximum or ‘AM.’ This bound evaluates the maximal
loss within the theory model when the free parameters not used to determine the
bid are estimated from the data. For the model of variation in the maximal bid, we
determine the lower and upper bounds on the density α1 and α2 from the estimated
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Table 1: Loss in the laboratory experiment

Empirical Theoretical
Mean 90th%ile Max AM Max

Known Value Distribution
Observed Bid 13.21 26.72 116.03
Maximal Uncertainty 2.89 5.67 9.35 4.41 50
Variation in Bidding 2.35 5.15 6.80 3.83 40.63
Variation in Valuations 7.61 11.80 13.47 19.20 19.20
Nash 4.15 6.61 7.26

# of auctions 35
# of bids 70

Unknown Value Distribution
Observed Bid 7.86 17.41 26.86
Maximal Uncertainty 4.03 7.14 7.92 8.40 50
Variation in Bidding 3.79 6.72 8.13 7.24 40.63
Variation in Valuations 4.05 7.87 13.30 25.76
Nash

# of auctions 35
# of bids 70

bid distribution and insert these in the formula of Proposition 2. For variation in
values where value distributions are unknown we choose η as the smallest value that
respects the bounds on the value distribution.

7.4 The Results

We now show how well our bidding models do in practice when bidding against
actual bidders. The evidence is shown for the laboratory experiment in Table 1 and
for the timber auctions in Table 2.

Consider the laboratory experiment. The top half of Table 1 refers to the auc-
tions where bidders knew the distributions of values, the bottom half to those where
they had no information on how the values were generated. The first row in each
half shows the performance of the bids made in the data. The next three rows
show the performance of the bids resulting from the models referred to as maxi-
mal uncertainty (‘MaxUn’), variation in bidding (‘VarBid’), and variation in values
(‘VarVal’), respectively. The last row contains the findings for the bid computed
from the BNE where applicable. The first three columns show summary statistics
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Table 2: Loss in timber auctions

Auctions with loggers only All auctions
Empirical Theoretical Loggers Mills

Mean 90th%ile Max AM Max Mean Mean

Observed Bid 6.61 16.15 43.51 5.16 4.61
MaxUn 4.17 9.45 18.21 10.40 50 3.83 3.93
VarBid 0.98 2.03 14.20 9.55 25.44 0.83 0.90
VarVal 4.15 11.52 28.20 16.61 3.32 3.95
Nash 1.20 3.09 10.76

# of auctions 159 290 134
# of bids 705 1218 205

for the loss across all bidders, the mean, the 90th percentile, and the maximal em-
pirical loss. The fifth and last column, MAX, shows the minimax loss bid. The
fourth column, AM, shows the adjusted bounds that are obtained when inserting
the empirical bounds on the distribution of the maximal bid. Entries are percent-
ages, describing the empirical loss as a percentage of the maximal possible expected
payoff. A blank entry indicates that this benchmark is not available.

Table 2 contains our findings for the timber auctions. The first five columns
refer to the auctions in which there were only loggers. These are the only auctions
that we compare to the BNE. The last two columns show the mean empirical loss
separately for the loggers and the mills in the entire data set.

Looking at these two tables, the first and most striking observation is that
bidding according to each of our three approaches leads to good performance. This
is true both for the mean and for the tails. The mean empirical loss of our three
approaches lies between 1 and 8%. The 90th percentile lies between 2 and 12%.
The maximal empirical loss is around 7 to 13% in the experiment and 28% in the
field. The model of variation in bidding does best in terms of mean, 90th percentile,
and maximum loss. For instance, its mean loss lies between 1 and 4%.

Our next observation is that the actual bidders performed worse than any of
our approaches, both in terms of mean and the tails. They attained a mean loss
of around 7 to 13%. The 90th percentile lay between 16 and 26%. The maximal
empirical loss of the actual bids is either 27% or 116% in the experiment and is 44%
in the timber auctions.4 A closer look at the data reveals that bids are typically

4Loss above 100% originates from bidding above value.
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too high in the experiment. This may be due to an additional joy of winning the
auction. On the other hand, the bids in the timber auction are typically too low
(see Figure 4 in the appendix). This is possibly due to bidders underestimating
the competition. This conjecture emerges when observing that the bidders’ bids do
not increase sufficiently in the number of bidders. Subjects would have done better
if they had adopted one of our bidding rules, such as the bid under variation in
bidding.

Next, we analyze how much of the good performance of our rules can be traced to
our methodology. For this, we consider the adjusted bounds as shown in the column
AM. For maximal uncertainty and variation in bidding the adjusted maximal loss
falls below 10%. Hence, we conclude that variation in bidding as captured by the
lower and upper bounds on densities can explain why the loss of our bids is below
10%. The differences in the AM bounds give a first hint to why maximal uncertainty
and variation in bidding perform similarly and better than variation in values (see
also the comment below). More generally, such AM bounds help to show that good
performance is not a coincidence.

Finally, consider the performance of the Bayes-Nash equilibrium bidding strate-
gies. The BNE bid performs similar to variation in bidding. Indeed, in the appendix
we show that the two bids are similar on average. Variation in bidding performs
(slightly) better. Note that the BNE bid is a hypothetical benchmark. In the timber
auctions it also uses data from future auctions. In the laboratory experiment it uses
information about the distribution of values, which is not very realistic in real-life
settings. Note that with timber auctions, we purposely chose a well-studied auc-
tion data set with many observations and no signs of collusion (Athey et al., 2011).
However, despite using all the sophistication and data, the Bayes-Nash equilibrium
bids still do not outperform those under variation in bidding, which is much simpler
and does not require any data as input.

Next, we consider the influence of the different parameters; for this we choose
the timber auctions with loggers only. Figure 2 shows the empirical loss for different
values of τ in the variation in bidding implementation. The figure reveals that any
τ ∈ [0.1, 0.2] would have performed similarly. Figure 3 considers the performance of
our implementation of variation in values for different choices for σ and α. Recall
that we evaluate ρv+(1−ρ)σK, where ρ only depends on α and n. The plot shows
that the performance is relatively insensitive to σ. However, it seems like our choice
of α = 0.5 is too high for this data set. In these timber auctions, a better choice of
α would be between 0.1 and 0.2. So the difference in the empirical performance in
this data set between variation in bidding and variation in values can be attributed
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Figure 2: Empirical loss in timber auctions as a function of τ

to a good choice of τ while the chosen α is too large.
We investigate the empirical loss as a function of the number of bidders n in

the appendix. We find that the performance of the different models and bench-
marks is similar when there are many bidders (n ≥ 10). The exception is the bid of
maximal uncertainty. Intuitively, when there are many bidders and the bid distri-
bution exhibits some independence and variation, then any bid close to the value
would perform similarly well. The bid of maximal uncertainty is independent of the
number of bidders, explaining the inferior performance. This also suggests that the
ideas of this paper are most fruitful with relatively few competing bidders.

In the online appendix, we run many robustness checks. They confirm that
our findings extend to other situations. For the experiment, we investigate the
performance in the last round of bidding and when bidders are risk-averse. We also
report the loss for an experiment with four bidders. For the timber auctions, we
consider two alternative ways of assigning values to bidders. The first alternative
chooses values that make observed bids optimal. In the second alternative we
assume that bidders make equilibrium bids and accommodate unobserved auction
heterogeneity as in Athey et al. (2011). The average loss of the variation in bidding
bid is 1.19% and 1.53%, respectively.

Given the above, it is best to bid according to variation in bidding. The perfor-
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Figure 3: Empirical loss in timber auctions as a function of α and σ

mance in our settings is close to best responding to the empirical bid distributions.
Our particular choice of τ = 0.15 was not critical as a similar performance is ob-
tained for any τ ∈ [0.1, 0.2]. Its AM bounds suggest that this bidding rule will
also perform well in other settings. Bidding under maximal uncertainty is a good
alternative that relies on fewer assumptions and has no free parameters. It also
has low AM bounds but performs slightly worse in our data sets. Its main disad-
vantage is that its bid does not depend on the number of bidders, which makes it
less recommendable when there are many bidders (see the performance for n ≥ 5

in Figure 4 in the appendix). The performance of variation in valuations is similar.
Choosing the right value for α is critical and benefits from a good understanding
of the competitiveness of the auction. In our case, given no information about the
auction, it turns out that our choice of α = 0.5 was too high.

8 Conclusion

We set out to develop a method for bidding in first-price, sealed-bid auctions when
uncertain about the opponents’ bidding behavior. We identify this uncertainty by
a set of bid distributions that the bidder thinks they might face. Guided by the
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literature on minimax regret we formulate a minimax loss criterion for how to select
a bid given the uncertainty. This leaves us with the task of finding the set of possible
bid distributions. We propose an iterative procedure for constructing this set.

The iterative procedure organizes how information about the setting is extracted
from the bidder. The explicit use of perspective embeds the solution into the mind-
set of the bidder and makes it easier for the bidder to understand the outcome and
justify it to others. The iterative procedure is designed to keep the risk of ruling
out the true environment low by only ruling out environments when the reduced
uncertainty benefits the performance of the resulting bid.

To ease access to this new methodology we have included three alternative ap-
proaches and have added general questions to help organize the initial steps when
applying this paper. The methodology makes potential bidders approach a first-
price auction in a new way. It is not important to understand the behavior and
values of each of the other bidders. It is not necessary to estimate specific distribu-
tions and their correlation. Instead, the new focus is to think in terms of elimination
and simple bounds.

Note that the results herein can be applied to related settings. It applies to
procurement auctions, where the aim is to underbid others and where values are
replaced by costs. Maximal uncertainty and variation in bidding can be trans-
lated into results on how to price a good when facing unknown demand. A model
analogous to maximal uncertainty can be found in Bergemann and Schlag (2008).

Many interesting avenues for future research open up. An interesting topic is
the dependence of performance both in the theory and in the data on the number
of bidders. Intuitively, the maximal loss decreases in both cases in the number of
bidders as less is to be gained when there are more bidders. A formal analysis is
left for the future. Other topics for future research include evaluating these bids
in other data sets. Note here the possibility to identify idealized values that make
the observed bid optimal given the faced empirical bid distribution. One could also
experiment with alternative criteria for selecting the bid given the set of possible bid
distributions. One candidate is taking ratios as axiomatized by Terlizzese (2008) and
used, for instance, in a different context by Giannakopoulos et al. (2020). Another
option is the maximin utility criterion (Wald, 1950). Note for the latter case that
our implementation of the outcome-based approach would not be insightful as any
bid would be optimal under maximal uncertainty.

Our general method can be applied to other strategic situations. In any strategic
setting, one can either reason directly about the outcome variable of interest, the
distribution of individual actions, or the other players’ types, information, and
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strategies. We end with a call to bring theories to the data and to attempt to
create value for practitioners.

A Variation in Bidding and a Bounded Density

In this appendix, we impose some variation in the maximal bid of the unconstrained
bidders to obtain a tighter bound on the maximal loss as compared to the one
provided in Proposition 4.

Let Bτ,G,α1,α2 be the set of bid distributions belonging to Bτ,G where the distri-
bution of the highest bid of the unconstrained bidders satisfies the inequalities in
(2) for all L ≤ x1 ≤ x2 ≤ v1.

We adapt the proof of Proposition 2 to investigate where to put the mass corre-
sponding to the highest bid of the unconstrained bidders. Note that the claims in
the proofs of propositions 1 and 2 on where to put the mass extend, as the worst-
case allocations in Proposition 2 are optimal choices conditional on the highest bid
of the constrained bidders.

Consider bidding too high, so b > h. We first put the minimal amount of mass
between L and v1, then put as much mass as possible below h, and the remaining
mass above v1. Let G1 be the corresponding distribution of the highest bid made
by all unconstrained bidders. The constraints imply that

GH
1 (h) = min {α2 (h− L) /(v1 − L), 1− α1 (v1 − h) /(v1 − L)}

and GH
1 (b) = GH

1 (h) + α1 (b− h) /(v1 − L).

Consider instead bidding too low, so b < h. Here the worst case puts the minimal
amount of mass between L and v1, then as much as possible of the remaining mass
in (b, h) and the remaining mass above v1. Such an allocation of mass leads to
GL

1 (b) = α1 (b− L) /(v1 − L) and

GL
1 (h) = GL

1 (b) + min {α2 (h− b) /(v1 − L), 1− α1 (v1 − h+ b− L) /(v1 − L)} .

The utility of bidding x ∈ {h, b} then equals

u(x,G1) = (v1 − x)

(
τn−1G(x)n−1 +

n−2∑
k=0

(
n− 1

k

)
τ k(1− τ)n−1−kG(x)kG1(x)

)
= (v1 − x)

(
G1(x) (τG(x) + 1− τ)n−1 + (1−G1(x)) τn−1G(x)n−1

)
Consequently, we can compute loss u (h) − u1 (b) for each value of h 6= b. The
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following proposition states how maximal loss can be computed.

Proposition 6. Let b ∈ (L, v1). The maximal loss of bidding b when facing
Bτ,G,α1,α2 equals

sup
B∈Bτ,G,α1,α2

l(b, B) = max{ sup
h:h<b

u(h,GH
1 )− u(b,GH

1 ), sup
h:h>b

u(h,GL
1 )− u(b,GL

1 )}.

We use this proposition in Section 7 to obtain tighter bounds on loss when
plugging in the empirical bounds on the density.

B Proofs

This appendix contains the proofs that were omitted in Section 6.

B.1 Proof of Proposition 1

In this and the following proofs we use the fact that5

max
B∈B

{
max
h

u (h,B)− u (b, B)
}

= max
h

max
B∈B
{u (h,B)− u (b, B)} .

For a given b we first fix h and maximize the loss of not choosing h, which is
maxB∈B {u (h,B)− u (b, B)}. We then maximize the upper bound on loss of not
choosing h over all possible values for h. In all proofs we refer to h < b as bidding
too high and to h > b as bidding too low.

We now fix a bid b such that L ≤ b ≤ v and assume that one can put at most
mass p̄ below L.

We first consider the loss of bidding too high, so h < b. Observe that loss
decreases in the mass put on (h, b), it remains unchanged in the mass put above b,
and it increases in the mass put below h.

Suppose h ≤ L. The previous argument establishes that loss is highest when
putting mass p̄ below h and the rest above b. This gives loss p̄ (b− h). Maximizing
loss with respect to h gives a maximal loss of p̄b.

Now suppose L < h < b. Loss is highest when putting mass 1 just below h,
which gives loss b−h. Maximizing this expression with respect to h gives a maximal
loss of b− L.

5This insight can also be useful in other settings.
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Next, consider the loss of bidding too low, so h > b. Loss decreases in the mass
put below b and increases in the mass put on (b, h). Hence, loss is maximal when
putting mass 1 just below h, which gives the loss v−h. Taking the supremum with
respect to h gives a maximal loss of v − b.

We now compute the minimax loss bid. First, we ignore the case where h < L.

Loss is clearly maximized when the maximal loss of bidding too high is the same as
when bidding too low. Hence, we set v − b = b− L to obtain b = (v + L) /2.

Finally, we consider the case where mass can be below L. Note that for the bid
b = (v + L) /2, the maximal loss of bidding too low equals v− b = (v − L) /2. This
is higher than the maximal loss of bidding too high conditional on h ≤ L given
by p̄ (v + L) /2 when p̄ ≤ (v − L)/(v + L). As a result, the worst-case distribution
does not put any mass below L when p̄ ≤ (v − L)/(v + L).

B.2 Proof of Proposition 2

We follow the proof of Proposition 1. Recall that p̄ = 0.
We first consider bidding too high, so h < b. Recall from the proof of Proposition

1 that loss increases in the mass below h and decreases in the mass between h and
b. Hence, loss would be maximized by putting the highest possible mass α2(h −
L)/(v−L) on [L, h]. This may or may not be feasible, leading to a case distinction.

The first subcase deals with the situation when the upper bound α2 prevents
us from putting more mass below h. This means that α2 (h− L) /(v − L) ≤ 1 −
α1 (v − h) /(v − L). In this case we put the minimal mass α1(v − h)/(v − L)

between h and v, put the maximal mass α2(h − L)/(v − L) below h, and the
remaining mass above v. The resulting loss equals α2 (h− L) (b− h) /(v − L) −
α1 (b− h) (v − b) /(v − L).

The second subcase deals with the situation in which α2 is not binding below h,

so α2 (h− L) /(v − L) > 1 − α1 (v − h) /(v − L). The worst-case distribution then
spreads the density α1 on [L, v] and puts the remaining mass below h. The resulting
loss equals (1− α1 (v − h) /(v − L)) (b− h)− α1 (b− h) /(v − L) (v − b).

We now consider bidding too low, so h > b. Recall from the proof of Proposition
1 that loss decreases in the mass below b and increases in the mass between b and
h. Hence, the worst-case distribution puts as much mass as possible between b and
h. As this may or may not be constrained by the density α2, we distinguish two
subcases.

The first subcase deals with α2 constraining how much additional mass is put
in (b, h) after spreading α1 on (L, v). The case arises when α2 (h− b) /(v − L) ≤
1−α1 (v − h+ b− L) /(v−L). The worst-case distribution then puts density α2 on
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(b, h), density α1 on [L, b] and [h, v], and the remaining mass above v. The resulting
loss equals α2 (h− b) /(v − L) (v − h)− α1 (b− L) (h− b) /(v − L).

The second subcase considers α2 (h− b) /(v−L) > 1−α1 (v − h+ b− L) /(v−
L). The worst case then puts minimal mass on (L, b) and (h, v) and the rest
on (b, h). The corresponding loss is (1− α1 (v − h+ b− L) /(v − L)) (v − h) −
α1 (b− L) (h− b) /(v − L).

The next step is to maximize loss with respect to h for each of the four cases
above. We then plug in the minimax loss bid b∗1 = (v1 + L)/2 , identify the appro-
priate subcases, and find after several trivial comparisons of inequalities and many
subcases that the maximal loss of bidding b∗1 equals

sup
B∈BL,α1,α2

l(b∗1, B) =

 1
16

(α2−α1)2

α2
(v1 − L) if α1 ≤ −α2 + 2

√
α2 and α2 ≤ 4

1
2

(1− α1)
α2
1+α2

2−2α2

(α2−α1)2
(v1 − L) if α1 > −α2 + 2

√
α2 or α2 > 4.

B.3 Proof of Proposition 3

Proof of Lemma 1. Consider a bid distribution such that bidder 1’s best response
is h. We argue that the bid distribution in which all unconstrained bidders bid
(marginally below) h leads to a weakly higher loss. Suppose h < b. Mass above b
decreases loss, so shifting this mass to h strictly increases loss. Shifting mass from
(h, b] to h makes b worse compared to h, so it raises loss. Finally, if one bids h and
h < b, then the allocation of mass on [L, h) is irrelevant. Putting all the mass on h
is weakly better. Now suppose h > b. Removing mass on [L, b] makes bid b worse
compared to bid h. Mass above h is again detrimental to loss. When bidding h and
b < h, then the allocation of mass on (b, h] is irrelevant.

It remains to be shown that X is non-empty and a minimax bid exists. To see
that X is non-empty, note that the maximal loss associated with bidding too low
is high if one bids close to L and it is zero if one bids value v1. Conversely, the
maximal loss associated with bidding too high is zero if one bids the lowest possible
bid L and very high if one bids value. The continuity of G implies that both types
of loss are continuous in b. They must intersect at least once according to the
intermediate value theorem. Note that the upper envelope of the two functions is
continuous in b1. The upper envelope is minimized if both types of maximal loss
are equal. To see this, suppose the maximal loss of bidding too high was higher
than the maximal loss of bidding too low. Then, maximal loss could be decreased
by bidding marginally lower. An analogous statement holds if the maximal loss of
bidding too low was higher. As maximal loss is continuous in b1, a minimum exists
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on the compact domain [L, v1].

B.4 Proof of Proposition 4

We first prove a lemma that establishes properties of u+. We then use the lemma
to characterize the set X as in Proposition 3. Note that u+(b) = (v − b)(p(b)τ +

1− τ)n−1.

Lemma 2. We have max{b̃, L} ∈ arg supb̂:b̂≥L u
+(b̂).

Proof. The first derivative of u+(b) with respect to b is

u+′(b) = − (1− τ + τp(b))n−1 +
τ(n− 1)

v − L
(v − b) (1− τ + τp(b))n−2 .

Its roots are b′ = (L+ τv − v)/τ and b̃. Note that b′ is such that p(b′)τ + 1− τ = 0

and u+(b′) = 0. The function u+ is positive for b ∈ [L, v1] and u+(v1) = 0. Hence, b̃
is the maximum of u+ and u+(b) decreases in b for b ∈ [b̃, v1]. The result follows.

We use the lemma to characterize the set X as in Proposition 3. Let b ∈ [L, v1].
Consider the loss of bidding too high supĥ:ĥ∈[L,b] u

+(ĥ) − u+(b). Lemma 2 states
that max{L, b̃} maximizes u+. So if b ≥ max{L, b̃}, then the maximal loss is
u+(max{L, b̃})−u+(b). If L ≤ b < b̃, then the maximal loss equals u+(b)−u+(b) = 0

as u+ is increasing for b ≤ [L, b̃].
Consider the loss of bidding too low. If b ≥ max{L, b̃}, then arg supĥ:ĥ≥b u

+(ĥ) =

b as u+ is decreasing. If L ≤ b < b̃, then the loss of bidding too low is u+(b̃)−u−(b).
As this is strictly positive, there is no bid b ∈ [L,max{L, b̃}] that equalizes the
maximal loss of bidding too high and the maximal loss of bidding too low. It
follows that X only contains elements in [max{L, b̃}, v1]. The minimax bid is the
solution of Equation (3).

We now show that Equation (3) has a unique solution in [max{L, b̃}, v1]. Let
b ∈ [max{L, b̃}, v1]. Note that both sides of the equation are continuous in b. We
use the intermediate value theorem. The left-hand side u+(max{L, b̃}) − u+(b)

increases in b. We now argue that the right-hand side u+(b) − u−(b) decreases in
b for b ∈ [max{L, b̃}, v]. The bid that maximizes u+(b) − u−(b) must be smaller
than b̃. Hence, u+(b)− u−(b) must decrease in b for larger bids. At b = max{L, b̃},
the left-hand side is 0, while the right-hand side is strictly positive. At b = v, the
left-hand side is strictly positive, and the right-hand side is 0. Hence, the two curves
must intersect between max{L, b̃} and v. They can intersect only once, which shows
the uniqueness of the minimax loss bid.
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We now show that the minimax loss bid b∗1 increases in the number of bidders n.
The minimax bid is the root of the function E(b, n) := u+(max{L, b̃}) − 2u+(b) +

u−(b). The implicit function theorem implies that the derivative of b∗1 with respect
to n is positive if ∂E

∂b
∂E
∂n

< 0. The partial derivative of E with respect to b is positive
as the maximal loss of bidding too high (u+(max{L, b̃})− u+(b)) increases in b and
the maximal loss of bidding too low (u+(b)− u−(b)) decreases in b. We turn to the
derivative with respect to n. Let f(b) := p(b)τ + 1− τ . Note that

∂E

∂n
= −∂max{L, b̃}

∂n
f(max{L, b̃})n−1 + u+(max{L, b̃}) log(f(max{L, b̃}))

− 2u+(b) log(f(b)) + u−(b) log(p(b)).

The first term is non-positive as b̃ increases in n. Using the optimality condition
−2u+(b) = −u+(max{L, b̃})− u−(b), we get

∂E

∂n
≤ u+(max{L, b̃})(log(f(max{L, b̃}))− log(f(b))︸ ︷︷ ︸

<0

)−u−(b)(log(f(b))− log(p(b))︸ ︷︷ ︸
>0

).

The partial derivative is negative as f increases and f(b) > p(b).

B.5 Proof of Proposition 5

Proof. Let MB(b) be the probability that the bid b is winning. Let γ = (η/σα)n−1

and let L = σK. Given the constraints, we have MB (b) ≤ min{γ (b− L)β , 1}. Let
b̄ = L+ σ/η1/α so that γ(b̄− L)β = 1.

We denote by Qx a bid distribution that puts mass min{γ (x− L)β , 1} on x and
the rest of the mass above v1/σ. Hence, for x ≥ b̄ the distribution Qx puts mass
one on x, whereas it puts less than the full mass on x for x < b̄.

We now show that bid distributions of the form Qx maximize loss. Let h denote
the best response to the bid distribution B. The corresponding loss is MB(h)(v −
h) − MB(b)(v − b). First, consider the loss of bidding too low, that is, h > b.
Clearly, loss is higher when there is zero mass on [L, b] as shifting mass MB(b) from
[L, b] to (b, h) increases loss. Importantly, the shifting of mass does not violate
the upper bound of the model and leaves the winning probability of h unchanged.
Hence, loss takes the form MB(h)(v − h) in the worst case. The probability that
h wins is as high as possible in the worst case, i.e., B(h) = min{γ (b− L)β , 1}.
Note that the bid distribution Qh leads to the same loss. Second, consider the
case where the bid b is too high, i.e., h < b. The worst-case bid distribution must
have MB(h) = MB(b) = min{γ (b− L)β , 1} so that bidding higher than h does
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not bring any benefit. This is certainly feasible under the given constraints. The
bid distribution Qh leads to the same loss MB(h)(b− h) when MB(h) is as high as
possible. To conclude, working with bid distributions of the form Qx is without loss
for the maximization of loss.

Consider h < b. We now argue that a bid distribution with a mass point at
min{(βb+ L)/(1 + β), b̄} maximizes the loss of bidding too high. The loss of the
bid distribution Qx with x < b is not more than γ(x−L)β(b−x). The first derivative
of the upper bound with respect to x is

βγ(b− x)(x− L)β−1 − γ(x− L)β.

Straightforward algebra reveals that the first derivative is strictly positive on (L, x∗)

and strictly negative on (x∗, b), where x∗ = (βb+ L)/(1 + β). Hence, the loss of
bidding too high is maximized by x∗ if x∗ ≤ b̄. For x > b̄, loss is b − x and,
therefore, decreasing in x. Loss is then maximized by Qb̄. It follows that the
maximal loss of bidding too high is

l(b,Qmin{x∗,b̄}) =

γββ
(
b−L
1+β

)1+β

for b ≤ (1+β)b̄−L
β

b− b̄ for b > (1+β)b̄−L
β

.
(8)

Consider h > b. The loss of bidding too low is maximized by distributions
with a mass point at max{b, (βv + L)/(1 + β)}. Consider bid distribution Qx with
x > b. The worst case is as under complete uncertainty when b ≥ b̄ as all other
bidders bid slightly above b. For b < b̄, loss under Qx equals γ(x−L)β(v− x). The
function is as in the bidding too high case if we substitute the v for b. It follows
that the expression is increasing for x ∈ (b, y∗) and decreasing for x ∈ (y∗, b̄], where
y∗ = (βv + L)/(1 + β). Loss is, therefore, maximized by Qb if b > y∗ and by Qy∗

otherwise. The worst-case loss associated with bidding too low is, therefore, equal
to

l(b,Qmax{y∗,b}) =


γββ

(
v−L
1+β

)1+β

for b < b̄ and b ≤ βv+L
1+β

γ(b− L)β(v − b) for b < b̄ and b > βv+L
1+β

v − b for b ≥ b̄.

(9)

We now prove that the bidding function b∗ minimizes the maximal loss. We
distinguish the three regions of the private value.

First, let v ∈ [L, v̄]. By construction, we have b∗ ≤ b̄. Moreover, we have
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b∗ > (βv + L)/(1 + β) as the inequality is equivalent to

(1 + β)1+β v

(1 + β)1+β + ββ
+

ββL

(1 + β)1+β + ββ
>
βv + L

1 + β
.

This inequality holds if and only if

(1 + β) (1 + β)1+β v + (1 + β)ββL > (βv + L) (1 + β)1+β + (βv + L)ββ,

which is equivalent to

(1 + β)1+β v + β1+βL > (1 + β)1+β L+ β1+βv.

The inequality holds as (1 + β)1+β > β1+β and v > L. Therefore, the bid b∗ ensures
that the loss of bidding too low, γ(b∗ − L)β(v − b∗), equals the loss of bidding too
high, γββ ((b∗ − L)/(1 + β))1+β, as

γ(b∗ − L)β(v − b∗) = γ(ρv + (1− ρ)L− L)β(v − ρv − (1− ρ)L)

= γρβ(1− ρ)(v − L)1+β = γρβ
ββ

(1 + β)1+β + ββ
(v − L)1+β

= γββρβ
ρ

(1 + β)1+β
(v − L)1+β = γββ

(
b∗ − L
1 + β

)1+β

.

There is a unique bid that equalizes the two expressions.
Second, consider values v ≥ v̂. Observe that b∗ = (v + b̄)/2 and that v̂ is such

that (v̂+ b̄)/2 = ((1 + β)b̄− L)/β. The minimax loss bid is such that v−b∗ = b∗− b̄.
There is again a unique bid that equalizes the two expressions.

Third, consider v ∈ (v̄, v̂). For value v̄ we have ρv̄ + (1 − ρ)L = b̄. Hence, for
bids above b̄ the worst case of bidding too low is that all other bidders bid slightly
above b with certainty. The highest loss is v − b. For b ≤ ((1 + β)b̄− L)/β, the
maximal loss of bidding too high is γββ ((b− L)/(1 + β))1+β. The minimax loss
bid is the unique bid that equalizes the two expressions.

We now consider the maximal loss of bidding b1 = ρv1 + (1 − ρ)L when v1 >

v̄. The bound of loss immediately follows from equations (8) and (9) and the
observation that b1 > b̄.

Finally, we discuss the properties of the minimax bidding rule. Continuity fol-
lows from the construction of the bidding rule. The function b∗ is clearly strictly
increasing in v for v ≤ v̄ and v ≥ v̂. For v ∈ (v̄, v̂), we consider the function
f(v, b, n) = v − b − γββ((b − L)/(1 + β))1+β and its first derivatives fv = 1

48



and fb = −1 − γββ((b − L)/(1 + β))β. The implicit function theorem implies
b′(v) = −fv/fb > 0. For v ≤ v̄ the minimax loss bid increases in n as does ρ.
For v > v̂, the minimax loss bid is independent of n. For v ∈ (v̄, v̂), the implicit
function theorem implies that the minimax loss bid increases in n if the first partial
derivative fn is positive. Note that ββ/(1+β)1+β = (1/ρ−1). The partial derivative
is

fn = −σ
(
b

σ
−K

)1+β (
ηn−1

(
1

ρ
− 1

)
log(η)− ηn−1 1

ρ2

∂ρ

∂n
+ ηn−1

(
1

ρ
− 1

)
α log

(
b

σ
−K

))

= −σηn−1

(
b

σ
−K

)1+β

(1

ρ
− 1

)
log

(
η

(
b

σ
−K

)α)
︸ ︷︷ ︸

<0

− 1

ρ2

∂ρ

∂n︸︷︷︸
>0

 > 0.

C Empirical Analysis

In this part of the appendix, we present more details on the empirical analysis.

C.1 Experimental Data

In this section, we provide the few remaining details on the empirical analysis using
data from the laboratory experiment by Güth and Ivanova-Stenzel (2003).6

The values are integers. The weak bidder’s values are drawn independently and
uniformly from {50, 51, . . . , 150}. The values of the strong bidder are drawn inde-
pendently and uniformly from {50, 51, . . . , 200}. Note that the value distribution
of the strong bidder first-order stochastically dominates the weak bidder’s value
distribution.

The empirical bid distribution faced by one type of bidder is the distribution of
all bids of the other type in the treatment. So the bid distribution a weak bidder
faces is given by the distribution of the 35 bids made by the strong bidders. For
each treatment, we consequently have two empirical cumulative bid distributions,
one for the weak and one for the strong bidders.

To obtain the AM bounds, we estimate the density of the distribution of the
maximal bid using kernels. For every value, we then find the minimum and the
maximum of the estimated density below the value. These values are then inserted
into the formulas of propositions 2 and 6, respectively. Note, regarding the VarBid

6We thank Werner Güth and Radosveta Ivanova-Stenzel for sharing their data with us.
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model, that we use the distribution of the maximal bid as a proxy for the distribution
of the unconstrained bids.

C.2 Data from Timber Auctions

In this section, we provide the details of how we assess the performance of our
bidding rules using the data from timber auctions conducted by the US Forest
Service (USFS).7 This data has the advantage that the bidders are believed to be
experienced in bidding. The disadvantage is that we have to impute the bidders’
values as they are unknown. The values are necessary for the comparison of the
performance of our bidding rules to the performance of observed bids.

We outline how we estimate values for these bidders. The USFS either employs
the English or the first-price auction format (Athey, Levin, and Seira, 2011, ALS).
We estimate the value distributions with data from the English auctions and use
the first-price auction data to estimate the bid distributions. The underlying as-
sumption is that the choice of the auction format is independent of the covariates.
Some authors have made the same assumption (e.g., Lu and Perrigne, 2008), while
others question it (Athey et al., 2011). We use the value distribution only for two
purposes. First, we use it to compute a value for every bidder in the first-price auc-
tion. Second, we use the estimated value distribution to compute the Bayes-Nash
equilibrium and evaluate the associated bidding function. In the online appendix,
we perform some robustness checks without relying on the data from the English
auctions.

C.2.1 Data

We use publicly available timber auctions data.8 Similar to Athey et al. (2011) and
Roberts and Sweeting (2016), we consider no set-aside auctions in California (USFS
Region 5) from 1982 to 1989 (year of bidding). To get more comparability between
open and sealed auctions, in our sample, we consider only auctions in which the
status is “sold,” at least two bids were recorded, the contract length is a positive
number, the estimated selling value per mbf (thousand board feet) is [100, 460],
volume in hundred mbf is in [2,100], estimated logging costs per mbf are in [80,
220], estimated manufacturing costs per mbf are in [40, 200], and the reserve price
per mbf is in [0,150]. We remove auctions in which the highest bid is above 300/mbf.
The data is recorded in 1982 dollars.

7Baldwin et al. (1997) and Athey and Levin (2001) provide information on timber auctions.
8The data was kindly provided by Philip Haile.
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C.2.2 Estimating the Value Distributions

We use data from bidding in the English auction to estimate the value distributions.
The identifying assumption is that bidders bid their value. Hence, the winning bid
identifies the value of the second-highest bidder. Assuming values are independently
and for types identically distributed allows us to back out the distribution of values.

We assume that the values are drawn from aWeibull distribution, where the scale
and shape parameters are type-dependent and a function of the auction covariates.
As we have two types of bidders (loggers L and mills M), we have four parameters
per auction: the respective scale parameters λLt , λMt and the shape parameters
ρLt , ρMt . Following ALS, we assume that log λ and log ρ are linear functions of
the covariates. We use the same covariates as ALS for the estimation of the bid
distribution.

We use the winning bid in the estimation. Let It denote the identity of the winner
of auction t. Following Athey and Haile (2007), the likelihood of the observable
event {i wins at price p} is

(1− Fi(p))
∑
j 6=It

fj(p)
∏
k 6=It,j

Fk(p).

Let lL and lM denote the number of losing loggers and mills, respectively, and
let It also denote the class of the winner. The log-likelihood function under our
parametric assumption is

L =
∑
t

−
(
pt

λItt

)ρItt
+ log

(
lLt · fLt (pt) · FL

t (pt)
lLt −1 · FM

t (pt)
lMt + lMt · fMt (pt) · FL

t (pt)
lLt · FM

t (pt)
lMt −1

)
.

Table 3 presents the estimates.

C.2.3 Estimating the Bid Distributions

We use data from bidding in first-price auctions to parametrically estimate the
bid distributions. We follow ALS in specifying the bid distribution as a Weibull
distribution. We assume that the bid distribution only depends on the observed
covariates and that bidders choose their bids independently. Unobserved hetero-
geneity is considered in the online appendix.

For the maximum likelihood estimation of the bid distribution we use all bids
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Table 3: Estimated value and bid distributions

Value Distribution Bid Distribution
log(λ) log(ρ) log(λ) log(ρ)

Log(1 + reserve price) 0.266 0.251
Log(1 + selling value) 0.922 0.933
Log(1 + mfg costs) 0.208 0.739
Log(1 + logging costs) -0.468 -0.393
Log(1 + road costs) 0.051 0.039
Species HHI -0.019 0.017
Density -0.003 -0.001
Salvage 0.168 0.027
Scale -0.012 0.123
Log(1 + volume) 0.002 0.019
Constant -5.888 0.716 -8.776 0.629
No mill (dummy) 0.004 -0.006 -0.077 0.020
Min(nM , 5) -0.001 -0.009 0.040 0.090
Min(nL, 5) 0.018 -0.072 0.101 0.055
Mill (dummy) 0.227 0.115 0.101 -0.069
Single Mill (dum) -0.127 0.062 0.008 0.053
Additional controls Forest, year, - Forest, year, -

species dummies species dummies

N = 669 N = 1423
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in the data. The log-likelihood function is

L =
∑
t

nLt∑
i=1

log(f(bLi,t)|ρLt , λLt ) +

nMt∑
i=1

log(f(bMi,t |ρMt , λMt ),

where f denotes the density of the Weibull distribution and equals

f(b|ρ, λ) =
ρ

λ

(
b

λ

)ρ−1

e−( bλ)
ρ

.

The parameters log λ and log ρ are linear in the covariates. The parameter estimates
are shown in Table 3.

C.2.4 Computing the Bidders’ Values

We use the estimated value distributions to compute a value for each observed
bid in the first-price auction. To this end, we assume that no bidder bids above
his or her value. For every observed bid in the first-price auction, we compute the
expected value conditional on the covariates, on the value being higher than the bid,
and below the following upper bound. As the Weibull distribution has unbounded
support, but very high values are very implausible, we assume that no bidder has a
value above the maximum of twice the highest bid and the estimated selling price.
Both numbers are taken from the auction in which the bid under consideration
was submitted. The online appendix provides summary statistics for the estimated
values.

C.2.5 Computing the Loss

The first step in computing the loss of a bid is finding the distribution of the highest
bid among the other bidders. For every auction, we determine the probability that
a bid becomes winning in the following way. Let nL (nM) the number of loggers
(mills) in the auction. Let BL (BM) denote the estimated bid distribution of a
logger (mill), which depends on the auction covariates (Table 3). The probability
that the bid b of a bidder with type I ∈ L,M becomes winning is

W (b|I) =

(
BL(b)−BL(r)

BL(b̂)−BL(r)

)nL−1{I=L}
(
BM(b)−BM(r)

BM(b̂)−BM(r)

)nM−1{I=M}

, (10)

where 1{I=L} the indicator function, r is the reservation price, and we use b̂ as an
upper bound to truncate the Weibull distribution. For b̂, we use the maximum of
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two times the highest recorded bid in the auction and the estimated selling value.
The calculation of loss is analogous to the experimental data. We report loss in

percent relative to v − r.
We now explain how we compute the theoretical upper bounds. Similar to the

experimental data, for the models of MaxUn and VarBid the Max bound is the
average over the minimax loss. For the AM bound we use for every value the
minimum and the maximum of the density of the distribution of the highest bid
of the n − 1 other bidders and report the average. The upper bound on loss for
the VarVal model is computed as follows. For every first-price auction in which all
bidders are either mills or loggers, we infer η from the estimated value distribution.
We choose η so that the cdf of the value distribution lies below η(v−r)α and that the
distance between the two functions is minimized, provided that it is non-negative.
We use the calibrated η to compute the bounds of equations (6) and (7) and report
the average bound. As the bound on loss uses data that is available only ex post,
we report it in the AM column. We do not report a Max bound for the VarVal
model.

C.2.6 Results

Figure 4 provides additional insights into the performance of the bidding functions
for auctions in which all bidders are loggers. Figure 4a compares the optimal bid
to the bids we evaluate. The figure has the number of bidders on the horizontal
axis and the average of the normalized bid (b− r)/(v− r) on the vertical axis. One
can see that the mean optimal bid is increasing in the number of bidders. The
VarBid bid tracks this increase quite well. The BNE bid is close to the VarBid
bid on average (expect when n ∈ {2, 10}). Unlike the VarBid bid, the BNE bid is
consistently below the optimal bid. Similar to the BNE bid, the loss of the observed
bids comes from bidding too low on average. Figure 4a reveals that the observed
bids are low at n = 2 and do not increase in the number of bidders as much as (i)
the optimal bid, (ii) the VarBid bid, and (iii) the BNE bid. This suggests that the
real bidders underestimate the competition.9 The VarVal bid is consistently too
high, while the MaxUn bid is too low.

Figure 4b illustrates the average empirical loss as a function of the number
of bidders. Bidding under maximal uncertainty performs relatively well for a few
bidders but fails to increase the bid as the number of bidders increases. The bid
under VarBid leads to a low loss for any number of bidders but performs relatively

9In a different setting, Hortaçsu et al. (2019) show that small electricity companies do not best
respond. Note that many loggers are relatively small companies.
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Figure 4: Average bids and empirical loss as a function of the number of bidders

less well with 11 and more bidders. The average empirical loss of the BNE bid is
above the average loss of VarBid if there are up to five bidders.
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